Stellar Structure: Problem Sheet 2

Due by 4.00 pm on Thursday 3 November 2011 – to School Office, Pev 2, 3A20
You should attempt all the questions. All will be marked, but only those with an * will count for assessment.

1. Without looking at your lecture notes, derive the differential equations for P, M and L (hydrostatic equation, mass conservation equation and energy conservation equation) for a static star, using r as the independent variable.
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2. * Show that the total energy of a star composed of an ideal gas in a steady state is
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where ( is the (negative) gravitational potential energy. Stars with ( < 4/3 are unstable; can you suggest why this should be so?  (Hint: the star’s energy is composed of two parts, gravitational and thermal.)
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3. * Assume that near the surface of a star the mass and luminosity may be taken as constant and equal to their surface values, Ms and Ls respectively. By combining the differential equations for P and T, show that, near the surface of a star in which the opacity is a constant  (= (0, say), P = AT4, where you should find an expression for A in terms of Ms, Ls and (0. You may assume that P = T = 0 at the surface.
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4. * Using the result of question 3, and the same boundary conditions, and now taking Rs, the radius of the star, to define the surface, find the dependence of temperature on radius, T(r), near the surface of the star (i.e. at values of r such that Rs – r << Rs), assuming the star to be made entirely of ideal gas with a uniform mean molecular weight ( and neglecting radiation pressure. What is the corresponding expression for the density, ρ(r)?



[5]

5. * In the centre of the Sun, (c ~ 105 kg m-3, Tc ~ 1.5(107 K, and the mean molecular weight (c is 0.62. Calculate the ratio of the radiation pressure to the gas pressure at the centre of the Sun (assuming an ideal gas, with gas constant (  = 8.250(103 J K-1 kg-1, and taking the radiation density constant as a = 7.561(10-16 J K-4 m-3). If on the main sequence the central temperature is proportional to Ms/Rs and the central density is proportional to Ms/Rs3, estimate the mass (in solar masses) for which the radiation pressure and the gas pressure are equal. You may assume that (c is the same for all main sequence stars. 




[5]
6. * The scaling (proportionality) for Tc in question 5 follows from the virial theorem, and is quite general, but the scaling for the central density ρc assumes that it scales with the mean density, which is not a very good approximation. More realistically, models show that the central density scales as (that is, it is proportional to) Ms/Rs2.6. If the main-sequence mass-radius relation is approximated by Rs ( Ms0.8, find the more realistic mass (again in solar masses) for which the radiation pressure and the gas pressure are equal. You may again assume that (c is the same for all main sequence stars.








[4]

More overleaf …..
7. * Given that for a set of main-sequence stars there is a mass-luminosity relation Ls ( Ms4 and again assuming that the main-sequence mass-radius relation is Rs ( Ms0.8, find the relationship between effective temperature and mass for the main sequence, and hence find the slope of the main sequence in the HR diagram (i.e. what is n in log10Ls = constant + n log10Teff? Note that this equation is equivalent to the more useful form Ls ( Teffn.)



[4]
8. In any star in which density does not increase outwards, show that
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(Hint: consider first 
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where ( is any constant, and find an expression for D that involves the density at radius r and the mean density within radius r (not the mean density of the whole star). Remember that M is a function of r and use the stellar structure equations. Then show that if ( = 3 this derivative cannot be positive.)




[6]
9. Using the scalings in question 6, find the values of ( and ( in the following relationships between the central temperature and central density and between the central and mean density:
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and 
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(Note that all these scalings are really only valid for stars with masses greater than the Sun; stars of lower mass show a marked departure from these scalings – see Handout 11 and Chapter 22 of Kippenhahn and Weigert’s book.)
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