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e Comprehensive preliminary experiments were conducted to select the
most promising ensemble combination for E-AHPSO.

e The performance of E-AHPSO was verified on CEC’13/14/17/20 test
suites against 39 highly competitive benchmark algorithms at dimen-
sions 10, 30, 50 and 100.

e E-AHPSO ranked 1! on 100-dimensional CEC’14 and CEC’17 prob-

lems.

e E-AHPSO obtained the average final ranks (across all tested dimen-
sions) of 4.5, 4, 3.2 and 5.5 for CEC’13, CEC’14, CEC’17 and CEC’20
test suites, respectively, against 39 benchmarks comprised of PSO and
non-PSO algorithms.

e Analysis indicates highly consistent performance across different prob-
lem types (multimodal, hybrid, composition) and dimensions without
the need for parameter tuning.

e E-AHPSO possesses lower time complexity than 64% (average across
all dimensions) of the 39 benchmark algorithms.
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Abstract

This paper proposes a novel PSO-based ensemble algorithm, E-AHPSO, util-
ising several previously published simpler off-the-shelf PSO variants collabo-
rating with the recently published bio-inspired Altruistic Heterogeneous Par-
ticle Swarm Optimisation algorithm (AHPSO). The collaborating algorithms
in the proposed method were selected from a pool of candidate algorithms af-
ter extensive preliminary experiments to determine the optimal combination
and ordering of the constituent algorithms in the ensemble to best comple-
ment AHPSO. E-AHPSO incorporates the powerful exploration capabilities
of AHPSO with the exploitation capabilities of the simpler PSO variants. As
a result, the collaboration provides a highly effective general-purpose optimi-
sation algorithm capable of tackling diverse problem types, complexities and
sizes without parameter tuning. E-AHPSO was comprehensively tested us-
ing the CEC’13, CEC’14, CEC’17 and CEC’20 problem suites on dimensions
10, 30, 50, and 100 against 39 highly competitive comparator algorithms,
consisting of 15 well-known PSO variants, 14 recent PSO variants (published
after 2020), and 10 non-PSO variants including Differential Evolution vari-
ants (IEEE CEC competition winner L-SHADE, CoDE, and MTDE). The
proposed algorithm ranked 1*¢ on the 100-dimensional CEC’14 and CEC’17
problems against the 39 benchmarks. Moreover, E-AHPSO was ranked in
the top 5 for all four test suites averaged across all dimensions. The novel al-
gorithm performed consistently well across all problem types and dimensions.
Analysis of E-AHPSO revealed that the convergence and population diversity
patterns were comparable to or better than those of the top-performing com-
parator algorithms. Moreover, time complexity analysis showed that despite
its effectiveness, E-AHPSO was more efficient than 64% of the benchmark
algorithms on average (across all dimensions) and compared very favourably



with the other high-performing algorithms.*
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1. Introduction

The No Free Lunch Theorem [1] tells us that it is not possible to design
an optimisation algorithm that, on average, performs better than all other
algorithms in solving problems of all kinds. In other words, a completely
general-purpose infallible search algorithm is impossible. However, the de-
velopment of optimisation algorithms that are highly effective over a wide
range of problems, including numerous practical real-world problems, is pos-
sible and remains an important goal for many researchers in the swarm-based
optimisation field. The ideal is an algorithm that can be applied effectively to
a large class of problems straight out of the box, with no tuning or tweaking
required.

The recently published powerful bio-inspired Altruistic Heterogeneous
Particle Swarm Optimisation algorithm (AHPSO) |2, 3] has many of the at-
tributes necessary for such a competitive general-purpose search algorithm for
the class of single-objective continuous value optimisation problems. How-
ever, although the algorithm has relatively low time complexity, has been
shown to perform very well on several classes of real-world problems [4, 5, 6, 7|
and on multiple demanding test suites (CEC05, CEC13, CEC14 and CEC17
across 4 different dimensions) [3], with particularly good performance on
complex high-dimensional problems, it does not perform as well as some
competitors on some kinds of lower-dimensional problems. After analysing
potential reasons for this shortcoming, we hypothesized that a specific kind
of ensemble algorithm, built around AHPSO, would address this issue and
further increase general performance. The resulting algorithm would thus
be a highly competitive general-purpose optimisation method for the class
of single-objective continuous value problems. The development of such an
ensemble algorithm is the subject of this paper.

1@© 2026. This manuscript version is made available under the CC-BY-NC-ND 4.0
license https://creativecommons.org/licenses/by-nc-nd/4.0/



As discussed in more detail in the next section, over the past decade or
so there has been a noticeable expansion of research in ensemble techniques
in PSO and population-based search [8, 9, 10]. There are numerous different
approaches to combining multiple methods, or parts of methods, into an
ensemble [11, 12, 10, 13, 14]; but in most cases the constituent algorithms
are treated as equal, in the sense that there is no specific central algorithm
among the constituents, about which the others revolve. In contrast, the
ensemble algorithm proposed here is explicitly based around AHPSO.

Analysis and extensive experimentation have demonstrated how the var-
ious interacting mechanisms inherent in AHPSO are very good at main-
taining diversity, making it highly explorative, while still allowing efficient
convergence to very good solutions on complex high-dimensional problems
[15][3][16]. However, there can be an imbalance between exploration and ex-
ploitation on some kinds of lower-dimensional problems, leading to the less
efficient performance mentioned above. We theorise that the core reason for
this limitation is the heterogeneous nature of the AHPSO algorithm. This
property powers AHPSO’s highly explorative nature, enabling the discovery
of promising regions, but limits the algorithm’s ability to converge as quickly
as simpler exploitation-focused algorithms on some relatively simple, low-
dimensional problems, such as mono-modal functions. Overall, this results
in highly efficient performance for more complex problems and adequate per-
formance in low-dimensional search spaces. Hence, in the ensemble method
proposed in this paper, our aim was to investigate AHPSO collaborating
with several relatively simple off-the-shelf PSO variants, which are expected
solely to complement the highly explorative AHPSO, aiding in exploitation
and convergence. In contrast to AHPSO, the performance of most “simpler”
PSO variants diminishes when applied to high-dimensional complex prob-
lems, while exhibiting more efficient performance on low-dimensional prob-
lems due to their effective exploitation of the best-known solution. Hence,
it is reasonable to suggest that such a collaboration should provide the ulti-
mate balance of exploration and exploitation required for a powerful general-
purpose method. This hypothesis is supported by a previous study on DE-
based ensemble algorithms [17] that indicates that population-based ensem-
bles that incorporate different search strategies for exploration and exploita-
tion significantly improve overall performance. In essence, the new ensemble
algorithm utilises AHPSO as the central mechanism, whilst the other meth-
ods complement it.

Our primary aim is to develop a general-purpose algorithm that is highly



competitive across a very wide range of problems and problem dimensions,
without any need for alterations or parameter tuning. Instead of employing a
selection mechanism, on-line feedback mechanism, probabilistic approach or
other adaptive mechanisms within the ensemble to switch or control the op-
eration of its constituent algorithms, we decided to investigate a very simple
ensemble approach in which the constituent algorithms are executed sequen-
tially in a fixed order. We adopted an experimental approach to empirically
determine the best constituent algorithms and their optimal ordering through
rigorous preliminary experiments. The pool of possible constituent PSO algo-
rithms chosen for this study to complement AHPSO comprised the following
7 mature PSO variant: BBPSO[18], LPSO[19], HPSO-TVAC|20], FIPS|21],
UPSO|22], MiPSO|23] and MaPSO|23], from which a subset was determined
after the preliminary experiments. Each algorithm was chosen based on its
simplicity and exploitation capability. It is worth emphasising that these
preliminary experiments had the sole purpose of identifying the subset of
algorithms that are optimally complementary to AHPSO and the optimal
order in which to execute them, so as to efficiently balance the exploration
and exploitation phases.

We note that most ensemble algorithms in the literature are designed to
enhance the generalisation capability of the constituent algorithms. How-
ever, many studies do not include rigorous testing on different test suites
and dimensions to verify the scope and level of generalisation capability of
the proposed algorithm. In our work, we address this limitation by test-
ing the proposed ensemble algorithms on the CEC’13, CEC’14, CEC’17 and
CEC’20 benchmark test suites on 10, 30, 50 and 100-dimensional problems
against a large, competitive and diverse list of comparator algorithms. The
comparators comprise 14 well-known mature PSO variants, 15 recent PSO
variants (published after 2020) and 3 DE variants (L-SHADE|24], CoDE|25]
and MTDE|26]), a total of 39 benchmark comparator algorithms, including
ensemble methods. It is worth noting that BBPSO, LPSO, HPSO-TVAC,
FIPS, and UPSO have been thoroughly studied, including in relation to en-
sembles, and applied to real-world problems [27][28][29][30]|31], whereas AH-
PSO, MiPSO and MaPSO are less explored and have never been investigated
in the context of ensemble algorithms.

The paper is structured as follows: section 2 provides a review of ensemble
methods in PSO and other population-based approaches to optimisation.
Following that, section 3 details the new ensemble algorithm. Sections 4, 5,
and 6 describe the preliminary experiments, main experiments and analysis of
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the proposed algorithm. The paper concludes with a discussion and summary
of the findings.

2. PSO and Population-based Ensembles Review

Once it was discovered that the original PSO algorithm [32] had a ten-
dency to converge prematurely on some problems, the algorithm was ex-
tended by introducing the inertia weight parameter [33]. This version of the
algorithm, described by Equations 1-2, is often thought of as the canonical
PSO algorithm. Particles are initially randomly distributed in the search
space; subsequently, they move according to the rules encapsulated by the
governing equations, which are as follows:
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where w, ¢; and ¢y are control parameters, namely the inertia weight
and acceleration coefficients, @ is the i’ particle’s velocity, ¢ is its current
position, pbgsti is its personal best position, and gbgst is the current best
known global solution. 7} and 75 are random n-dimensional vectors in the
range [0, 1], where n is the dimension of the search problem.

Much of the PSO literature on improvements to the basic canonical algo-
rithm can be divided roughly into four categories: parameter tuning, neigh-
bourhood topologies, learning strategies and hybridisation. The latter cate-
gory includes most ensemble approaches, which will be the main focus of this
paper.

In order to improve overall performance and control convergence speed,
many of the early variants of PSO involved alterations to the inertia weight
parameter [33|[22][34](35], including hybrid models [36][37] that utilised ad-
ditional search techniques to regulate the value of this parameter. Various
other adaptive methods, where the parameter varied over time, were intro-
duced [38][39][40][41][20]. Similar approaches have been investigated for the
other two main parameters of the canonical PSO, the acceleration parame-

ters ¢; and ¢ (Eqn 1), which maintain the balance between local and global
search [20][39][42].



Neighbourhood topology plays a significant role in controlling the infor-
mation flow in a PSO swarm, and such control can delay loss of popula-
tion diversity, reducing the algorithm’s potential to converge prematurely
[43].  Hence, there has been much research on utilising different topolo-
gies. [44] investigated the performance impact of various topologies, namely
circle, star, wheel and random neighbourhoods, on the canonical PSO al-
gorithm, while other studies investigated a variety of other static topolo-
gies [45][46][47][48][49]. [50] introduced the idea of search guidance by a
neighbourhood local best (lbest) exemplar; search was initiated with lbest
guidance while guidance from the global best (gbest) exemplar was gradu-
ally introduced to the entire population. This prevented the entire swarm
from continuously exploiting the gbest exemplar, thereby contributing to the
preservation of population diversity. [51]| introduced a dynamic tournament
topology that utilises several best particles for guidance as opposed to the
lbest or gbest exemplars. [52] introduced the idea of dynamic topologies by
dividing the population into multiple co-evolving sub-swarms, and [53|[54][55]
extend the multi-swarm mechanism.

In the canonical PSO, a particle’s movement is guided by the globally best
position, gbest, and the particle’s own best position, pbest. However, different
learning strategies have been published that develop more complex guidance
strategies to target various limitations of the standard PSO algorithm. For
example, comprehensive learning PSO [56] and its extension, heterogenous
CLPSO [57], were proposed to deal with fast-depleting population diversity
and to enhance exploration and exploitation. Self-learning mechanisms [58],
generalised opposition-based learning [59], elitist and orthogonal learning
strategies [60], dimensional learning [61], and social learning [62] strategies
were all introduced to improve overall performance and to deal with prema-
ture convergence. More recent work extending such research includes [63]
[64] [65] [66] [67] [68] [69] [70].

Another notable direction for the improvement of PSO is the hybrid, or
ensemble, approach, which will be the focus for the rest of this paper. The
fundamental idea of ensemble algorithms is to combine different algorithms or
components of algorithms to enhance a particular aspect (e.g., convergence,
exploration, time complexity) or the overall performance of the baseline algo-
rithms. Some of the earlier PSO ensembles published in the literature include
MEPSO [71], introduced for dynamic optimisation. MEPSO divided the par-
ticle population into two groups with separate strategies. HPSO and f-PSO
[11] [12] utilised different PSO variants to create a pool of behaviours. In the
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case of HPSO, the current active behaviour is randomly selected from the
pool, while f-PSO employs the idea of a success counter for each behaviour
to increase the selection probability of the best-performing behaviours. Other
ensemble algorithm selection strategies were introduced in [72] [73] [9]. [74]
proposed an ensemble PSO to optimise the hyper-parameters of a classifi-
cation model. The algorithm employed an adaptive mechanism to gener-
ate subgroups, and each subgroup utilised two learning strategies to guide
the particles. ELPSO [8] introduced a high-level ensemble that employed
three PSO algorithms, GPSO, LPSO and BBPSO, each with its own sub-
population. An ensemble learning mechanism was used to guide the overall
search by obtaining information from the different populations.

At this point, it is worth revisiting the term “ensemble” and its usage in
the literature. Study [10] defines the ensemble concept as the incorporation
of different strategies, operators, parameter values and algorithms that em-
ploy either single or parallel populations. Although in the research described
in the current paper, the term “ensemble” is used throughout to refer to a
particular type of ensemble approach, involving multiple separate search algo-
rithms, it is generally used as an umbrella term in the literature. For instance,
study [75] includes multi-method [72], multi-strategy [13], mimetic [76], hy-
brid [77| and hyper-heuristic [13] algorithms within the concept of ensemble.
Some of these categories are relevant to the work presented in this paper
and are worth highlighting. For example, multi-method and multi-strategy
are specifications of low-level and high-level ensembles, respectively. A low-
level ensemble refers to the incorporation of multiple algorithmic components
such as topologies, search behaviour and parameters, whereas a high-level en-
semble refers to an ensemble of different algorithms or variants. In general
terms, the work presented in this paper is in line with the high-level ensemble
paradigm, although the central algorithm in the ensemble, AHPSO, could it-
self be regarded as a low-level ensemble algorithm as it incorporates multiple
behaviours and strategies. It is outside the scope of this paper to review the
entire ensemble literature; however, the two ensemble types, low-level and
high-level, will be discussed further next.

2.1. Low-Level Ensembles

In theory, versatile population-based algorithms that can adopt different
search strategies are expected to exhibit better generalisation capability: an
ability to perform well on a range of different problem types. This is due
to the heterogeneous agent behaviours in the population which provide a
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level of coping mechanism for different problem types and complexities. As
briefly mentioned earlier, the low-level ensemble concept exploits the idea of
incorporating different algorithmic components that complement each other.
For instance, while it is common practice to incorporate a mutation oper-
ator within a single strategy/homogeneous population-based algorithm to
enhance its exploration capability, many DE variants involve ensembles with
multiple mutation operators [13], [78], [79], [80], [81], [25], [82]. In the case
of low-level PSO ensembles, variants with multiple strategies [83] [84], coevo-
lutionary dynamics [85], hybrid methods [86], self-adaptation [87] [58] and
reinforcement learning-based adaptation [88] have been introduced.

2.2. High-Level Ensembles

In essence, the high-level ensemble paradigm utilises a number of (typ-
ically) specialised constituent algorithms to create a more general-purpose
algorithm. Some of these ensemble algorithms use a single population where
multiple algorithms act in sequence, others employ multiple populations with
different algorithms acting in parallel. For instance, [14] proposed EEA-
SLPS that incorporates three self-adaptive learning-based strategies. The
algorithm divides the population into three equal sub-populations, one for
each of the constituent search methods, which operate in parallel. The work
also investigated various information exchange mechanisms to determine the
optimal information flow between the constituent algorithms. Study [72]
emphasised the limitation of using of a single universal genetic operator and
embraced the concept of self-adaptive multi-method optimisation where mul-
tiple algorithms were employed simultaneously. In addition, an information
exchange mechanism was used to enable the constituent algorithms to learn
from each other. MultiEA [89] was proposed to enable the composition of
a suitable ensemble from a pre-defined pool of algorithms, where the algo-
rithm returns a ‘portfolio’ of the best-ranked algorithms selected from the
pool. This method can be advantageous in certain scenarios as it does not
require parameter control. However, it can be argued that the algorithm
requires a test suite that is a reference model for the given problem. This
is particularly an issue in the case of complex real-world problems, as it can
be challenging to find a suitable representation to run an adequate test and
build a portfolio. This type of approach can also be time-consuming, re-
quiring portfolio generation for every new problem. [90] proposed an MVC
(multi variants coordination) framework. The search process is initiated by
dividing the population into non-overlapping equal segments, and different



evolutionary algorithm variants are executed independently. Subsequently,
MVC is utilised to maintain promising solutions obtained by the multiple
algorithms. [91] introduced an ensemble algorithm consisting of modified
CoDE and jADE algorithms, exploiting the distinct performance proper-
ties of JADE and CoDE. It was found that JADE is particularly suited for
solving unimodal and simple multimodal functions due to its comprehensive
exploitation strategy. Similarly, CoDE employs exploration mutation strate-
gies, making it suitable for complex multimodal functions. As a result, the
proposed ensemble algorithm had improved the generalisability relative to
the constituent algorithms by combining their merits. [92] investigated the
impact of the cooperative dynamics provided by incorporating four differ-
ential evolution variants and [93] proposed a novel DE-based ensemble that
employed jADE, CoDE and EPSDE. The search process initiates with the
division of the population into four segments including three small indicator
populations, one for each DE variant, and one large reward population. At a
pre-defined interval, the best-performing constituent DE variant is assigned
the reward population. [94] proposed a PSO-based ensemble, EPSO, that
employs the basic canonical inertia weight PSO, CLPSO, FDR-PSO, HPSO-
TVAC and LIPS. EPSO divides the population into a small sub-population
and a larger sub-population. In the small sub-population, CLPSO is utilised
on its own to maintain diversity; in the larger sub-population, PSO, CLPSO,
FDR-PSO, HPSO-TVAC, and LIPS act as an ensemble. In the larger sub-
population, on each iteration, a particle is updated by selecting one of the
ensemble algorithms according to a probability based on the algorithm’s per-
formance over the past few iterations. The ensemble’s constituent algorithms
were chosen based on their effectiveness on different problem types. Thus,
inertia weight PSO and HPSO-TVAC are included as they are more efficient
on unimodal problems, while FDR-PSO, CLPSO and LIPS are included for
their ability on multimodal problems.

The EPSO algorithm is related to the work proposed in the current paper,
both in terms of being a PSO-based ensemble and regarding the algorithms
that comprise it. But there are fundamental differences: EPSO utilises the
constituent algorithms based on their effectiveness on different problem types
and employs a probabilistic selection method to determine which methods in
the ensemble are used. In contrast, we take a different approach and instead
focus on designing an ensemble model with constituent algorithms that com-
plement AHPSO (which is always the central ensemble algorithm) to achieve
a better exploration and exploitation balance. In our approach the algo-
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rithms in the ensemble are applied in sequence, rather than being selected
probabilistically. Furthermore, the suitability of constituent algorithms was
determined by conducting rigorous preliminary experiments to identify the
best exploitative algorithms and their best ordering to complement the ex-
plorative AHPSO algorithm.

Finally, with regard to the literature categorisation of the work presented
in this paper, the proposed algorithm can be classified as a high-level single-
population ensemble.

3. The Proposed Ensemble Algorithm

This section describes the novel ensemble algorithm built around AH-
PSO, providing the necessary background on the PSO variants in the ensem-
ble. The general performances of the simpler PSO algorithms in the pool
of potential ensemble constituents are typically insufficient to handle high-
dimensional and more complex problem types due to a lack of sophisticated
stochastic components and/or heterogeneity. Our proposal is to adopt these
algorithms as individual mechanisms for exploiting the solutions discovered
in more complex solution spaces by the more sophisticated heterogeneous
AHPSO algorithm.

An ensemble consists of AHPSO plus some subset of the pool of possi-
ble constituents, to be executed sequentially in some fixed order. Detailed
preliminary experiments, as described in Section 4, were performed to de-
termine the most promising combinations and orderings for this simple en-
semble model. The most promising ensemble algorithm that emerged from
the rigorous preliminary experiments we named E-AHPSO. This algorithm
was then further studied in detailed comparative experiments to validate its
generalisation capabilities, as described in Section 5.

The seven possible PSO variants are consigned to the role of exploitation.
In contrast, AHPSO plays the central role of exploring the search space and
maintaining population diversity. The main hypothesis we set out to ex-
plore was that AHPSO would find highly promising solutions and pass them
to the simpler algorithms to exploit, producing a powerful general-purpose
ensemble. Below, AHPSO and the algorithms in the pool are described.

3.1. Altruistic Heterogeneous Particle Swarm Optimisation (AHPSO)

AHPSO is a recent bio-inspired PSO variant that introduced two particle
models, namely the altruistic particle model (APM) and the paired particle
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model (PPM). The APM constitutes the primary behaviour model for parti-
cles, whereas PPM is directed at maintaining better population diversity. In
the AHPSO algorithm, particles are conceptualised as energy-driven entities
that are either active or inactive, depending on their current energy-level
activation threshold. Hence, a particle is active if E . rent > Foctivation and
inactive otherwise. The concept of activation is utilised to regulate the se-
lection of the movement strategy for particles, which directly controls the
swarm’s heterogeneity.

3.1.1. Altruistic Particle Model

The APM mechanism assumes that the particles tend to be active; hence,
particles in the inactive state are expected to borrow energy from the swarm
in order to become active. The sort of altruistic lending behaviour this
requires is commonly observed in nature (95, 96, 97|, and in this context, it
allows stochastic interactions among particles, causing oscillations in the ratio
of active and inactive particles within the swarm, which further contributes to
the regulation of heterogeneity in the swarm. The idea behind the lending-
borrowing ecology is that the circulating energy in the swarm is assumed
to be a resource particles can use and contribute towards. The level of
altruistic behaviour of the i** particle is represented by the variable A; which
is calculated using:

L
A= 3

where L! and B! are the number of times the i*" particle lent and bor-
rowed energy, respectively, to and from other particles up to time ¢. Persistent
borrowing behaviour in a particle over prolonged periods results in a volatile
lending-borrowing ratio and reduces the particle’s altruism value (as the par-
ticle consumes a lot more resources than it contributes to the swarm). When
a particle is inactive it attempts to borrow energy from randomly selected
potential lenders. The selected potential lender particles expect the energy-
requesting particle to meet an altruism criterion defined by ¢ as described in

Equations 4-5.
p=A; X Py (4)

)
P= (5)
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where A; is the borrower particle’s altruism, § is the number of particles
in the swarm with active status at time ¢, and N is the population size. P,
provides a rough measure of the probability that lent energy will be returned
to the swarm. In addition to enforcing altruistic behaviour, the criterion ¢
provides a form of altruistic assessment of the borrower particles’ probability
of returning lent energy. If ¢ > (3, where [ is the average altruism value in
the swarm, an equal amount of energy is borrowed from each lender particle
to provide the required energy of the borrower particle. This is calculated
as:

Erequz‘red _ (Eactivationa_ Ecurrent) (6)
where E,cquirea 1S the amount of energy required from each lender and «
is the number of selected lenders.

The altruistic behaviour of particles strongly influences the movement
strategy in the AHPSO. Hence, active particles use the canonical PSO update
equations shown in Eq. 1 and Eq. 2. In contrast, inactive particles that
do not satisfy the criterion ¢, and therefore cannot borrow energy, use the
following equation to update velocity:

-t - 1
T = Wit 4 17 (pbest; — ) + cofa(pbest ;) (7)

i minA — i

where pbgst:nm 4 1s the personal best position of the least altruistic particle
at time t. Particles that do not meet the criterion ¢ are less altruistic at time
t and are influenced by similarly less altruist particles. Hence, in this case,
guidance towards the least altruistic particle partially enables cooperation on
an altruistic basis and supports heterogeneity. Considering the evolutionary
characteristics of particles, the least and most altruist particles fluctuate.
Energy sharing occurs between the lender particles and the borrower particle
that satisfies the criterion ¢. Post energy-borrowing, the borrower particle
can be in two possible states. In the first case, the borrower has borrowed
sufficient energy to be active. However, this is not always the case as lenders
are randomly selected without any criteria; hence, there is a distinct possi-
bility that some lenders do not have excess energy to lend. Therefore, some
particles may still lack sufficient energy to activate even after borrowing en-
ergy. In this case, an exemplar for the particle is generated using the lender
particles’ mean positions. In this case, the velocity is updated as follows:
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— -t — — /o —
T = Wit + 17 (pbest, — F) + cofo (T80 — 1) (8)

where 7}, is the mean position of § randomly selected lender particles.
As commonly seen in certain PSO variants, in our behavioural model, par-
ticles do not explicitly exchange positional information, hence, by using the
mean position of a proportion of lender particles, we aim to form an implicit
communication between lender-borrower particles.

In the first case, where the borrower particle succeeds in borrowing suffi-
cient energy to activate, the particle’s velocity is calculated using:

—t+ ¢

7t = Wit + & (pbgstzf — ) + iy (pbest,, 4 — ) 9)

-t
where pbest,, .4 is the personal best position of the most altruistic par-
ticle at time t¢.

3.1.2. Paired Particle Model

The paired particle model (PPM) complements the APM detailed in the
previous section. Previous studies [15] indicate that the PPM triggers peri-
odic small improvements in population diversity. The PPM follows the APM
and randomly employs one of the two movement strategies on a small pro-
portion of the population, namely, the coupling-based and opposition-based
strategies.

Coupling-Based Strategy. The pairs in the coupling-based strategy are dis-
tinguished as tightly, loosely coupled, or neutral, which determines the move-
ment strategy. The following rules determine the state of the pairs:

1. tightly coupled if both particles are active at time ¢.
2. loosely coupled if both particles are inactive at time t.

3. neutral if one particle is active and the other is inactive at time t.

Based on the rules stated above, the tightly and loosely coupled particles
update their velocities using Eqgs. 10 and 11, respectively.

vttt = it -+ Clﬂ((ﬁyair X Eiurrent) - jf)+

) .
x B*

CZFQ ( (pngt current) - fz) ( 10)

pair
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pair X Ezurrent> - fz)—i_

CQFQ(('%MT X Eiurrent) - fl) (11>

T = Wit + 7 ((phest

where 7, and pbest,,;. are the i" particles’ pair position and personal
best position, respectively, and E!, ..., is a damping factor to minimize rapid

oscillations.

Opposition-Based Strategy. The opposition-based strategy guides both par-
ticles of a pair in potentially distinct directions to maintain diversity within
pairs, leading to a continued revamp of population diversity within a propor-
tion of the population. The altruism value of the paired particles is utilised
to determine the type of movement particles adopt, and if the i** particle
attains a greater altruistic value than its coupled pair, Eq. 12 is used to
update its velocity; otherwise, Eq. 13 is used to update the velocity.

T = Wit + clf’l(pbgsti — )+ czﬁ(a?ﬁ;;A —7) (12)
T = Wil + eri (phest; — T}) + cay (T 4 — ) (13)

Where 2% and Z*%" | are randomly selected as either personal best or the
position of the most altruistic and least altruistic pair at time ¢, respectively.
The complete pseudo-code for the AHPSO algorithm is shown below, and
the MATLAB source code of the AHPSO algorithm can be obtained from
github.com/ftvarna/AHPSO.
Below we briefly describe each of the simpler PSO algorithms investi-
gated as possible ensemble constituents. Each was chosen for its exploitation

capabilities and potential to complement AHPSO in the ensemble.

3.2. Barebones PS5O

The trajectory of particles and the influencing factors have been a major
focus of research since the proposal of the PSO algorithm. In [18|, Kennedy
performed an ablation experiment on the canonical PSO to strip away various
traditional features to reveal the key influencing factors on trajectory. As a
result, BBPSO was proposed, a new, more compact variant without the
velocity terms. In contrast to the canonical PSO, BBPSO updates pbest and
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Algorithm 1: AHPSO

population size n,C = 0.15, wmaz = 0.99, wmin = 0.2;
c1 =25—(1: Tmaz) *2/Tmax
c2 =0.5—(1: Tmaz) *2/Tmaz

wt = @mact(@min —@maz)
17 Treen(-5(2E—-1)
1..

E‘iufmnt =U(0.1,1,[1 n])

Ea’c‘t?;vation = U(0.5,1,[1 n])

a = |nx*

for t=1:Ty a0 do
B=average A value in swarm at t
Sd=number of active particles at ¢
for i=1:n do
if f(z;) > F(2) then
| w=wl+C;ifw>0.99,w=0.99, end
else
| w=w}-Cjifw<0.20,w =020, end
end
if Ecurrent 2 Eactivation then
| update ¥; and &; using Eqgs. 1 and 2
else
calculate A,f, P and ¢ using Egs. 3, 4 and 5
if ¢ < B then
| update ¥; and Z; using Egs. 8 and 2
else
randomly select o potential lenders
calculate E,¢qyireq using Eq.7
deduct Ercquired from Ecyrrent of each lender
update Ecyrrent of the borrower
increment L by one for all lenders
increment B by one for the borrower
if Ecurrent 2 Eactivation then
| update ¥; and &; using Egs. 9 and 2
else
| update ¥; and &; using Egs. 8 and 2
end

end
end
if it" particle is paired then
if randi([0 1])==0 then
if pair is tightly coupled then
| update ¥; and F; using Eqgs. 11 and 2
else if pair is loosely coupled then
| update ¥; and Z; using Eqs. 12 and 2
end

if A; > AcouBle the{n )

| update v; and &; using Eqgs. 13 and 2
else
| update ¥; and &; using Egs. 14 and 2

end

end

end
evaluate the fitness of &;

update the pbgsti and gbgst
end

1..n
activation

R, 1.m
reinitialise E_, " ..., and E
end
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gbest by utilising random numbers generated from the Gaussian distribution
as:

best;; + gbest; ,
X;j=N <p oty ;—g e , |[pbest;; — gbestﬂ)

(14)
Where N denotes the probability density function of the Gaussian distri-
bution with mean (W) and standard deviation (|pbest;; — gbestj|).

3.3. Fitness Distance Ratio PSO

Fitness-Distance-Ratio based PSO (FDR-PSO) [98] was proposed to ad-
dress the premature convergence problem of the canonical PSO algorithm.
In contrast to the canonical PSO, where particles are attracted towards the
pbest and gbest positions, the FDR mechanism allows particles to adjust their
trajectory towards nearby particles of higher fitness by utilising the ratio of
the relative fitness and the distance of other particles. To prevent attraction
towards the direction of multiple particle positions, FDR-PSO selects a single
particle at a time to update each velocity dimension that is the nearest best
(fitness) particle to the particle being updated.

Fitness-Distance-Ratio Calculation:

Fitness(pbest;) — Fitness(z;))

= 15
YrDR Ipbest ;g — x4l (15)

Subsequently, the velocity is updated using:
Tt = wit + 7 (pbgstz — ) + Pa(gbest — T) + Fy(Thpp — T) (16)

3.4. Hierarchical Particle Swarm Optimizer with Time-Varying Acceleration
Coefficients (HPSO-TVAC)

HPSO-TVAC |20] introduced a new parameter automation strategy: time-
varying acceleration coefficients (TVAC). The TVAC strategy aimed to con-
trol local search and converge more efficiently by changing the values of the
canonical PSO coefficients ¢; and ¢y over time. In essence, the TVAC mecha-
nism reduces the impact of the social exemplar (pbest) over time and increases
the influence of the cognitive exemplar (gbest) by altering the ¢; and ¢y co-
efficients. This leads to better initial exploration of the search space, and
towards the end of the search process, the higher social (¢; ) value and lower
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cognitive (c2 ) value leads to more efficient convergence. The mathematical
representation of the TVAC mechanism is:

t

c1 = (c1y — c15) T + Cui (17)
t

co = (Cap — C2;) T + Co4 (18)

where ¢y, , ¢1¢, ¢2; and ¢y are the initial and final values of the coefficients,
t and T}, are the current and maximum number of iterations, respectively.
The value of ¢q reduces from 2.5 to 0.5, and the value of ¢y increases from 0.5
to 2.5. HPSO-TVAC is a light-weight PSO variant with good exploitative
powers.

3.5. Linearly Decreasing Inertia Weight PSO (LPSO)

LPSO is a well-known simple PSO variant that gradually decreases the
inertia weight parameter |33] over the course of the search [19]. [34] further
analysed the effects of linearly decreasing inertia weight and concluded that
maintaining higher values for the parameter facilitates global search while
lower values have the opposite influence on the search behaviour. As a re-
sult, an initial value of 0.9 and a final value of 0.4 for the inertia weight
converged faster in most cases. In addition, various improvements to the
linearly decreasing inertia weight mechanism have been proposed [99] [100]
[101]. The following equation gives the calculation of the LDIW as used in
this study:

Tmax —t
Wy = (wstart - Wend) (T—> + Wend <19>

Where wgior and wepq are the initial and final inertia weight values (w; €
[0, 1]), t is the current iteration and 7,4, the maximum number of iterations.

3.6. Macroscopic/Microscopic Adaptive CLPSO (MaPSO/MiPSO)

The MaPSO and MiPSO algorithms [23| are variants of the comprehensive
learning PSO (CLPSO) [56] algorithm. The two variants address issues aris-
ing from the CLIPSO parameter m which controls the gap between exemplar
refreshes. In CLPSO, exemplars are updated using a constant m value, while
both MaPSO and MiPSO adaptively regulate the m value. However, MaPSO
utilises a single m value for the entire population, whereas MiPSO adaptively
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determines the m value for each particle. Ultimately, the mechanism utilised
in MaPSO provides a better balance of exploration and exploitation, whilst
MiPSO is particularly improved in solving more complex multimodal prob-
lems. Macroscopic/Microscopic Adaptive CLPSO (MaPSO/MiPSO) utilises
a learning automaton for the entire population and for each particle in the
swarm. The automata consist of various rules to regulate the aforementioned
parameter m through three distinct actions: increase,decrease and halt. The
particles continue learning from their exemplars for the regulated m itera-
tions. The reinforcement signal § for MaPSO and MiPSO, respectively, are
calculated using the following two equations:

[0,  gbest' < gbest'™!

b _{ 1, else (20)
[0,  pbest < pbest!”!

b _{ 1, else (21)

3.7. Unified PSO

The unified PSO (UPSO) [22] introduced a unified scheme that aggregates
the local and global properties. The UPSO algorithm utilises a parameter
called the unification factor (v € [0,1]) that determines the impact of the
global and local properties. For instance, u = 1 essentially equates to sole
global influence; likewise, u = 0 allows local PSO to dominate the search.
Furthermore, for all intermediate values assigned to u, a balance between
local and global search is achieved. The velocity update equation for UPSO
is as follows:

G = X[0 + 1 (pbest, — &) + c27y(gbest — )] (22)
LY = [T + 17 (pbest, — @) + 27 (nbest — )] (23)
U = uGH 4 (1 — w) L (24)

Ft =t Ut (25)

Where u is the unification factor, G and L denote the velocity update for
global and local variants, respectively.
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4. Preliminary Experiments: Finding the Most Promising Ensem-
ble

4.1. Selection of PSO Variants and the Number of Algorithms

In this subsection, we present the method used to select PSO variants to
collaborate with AHPSO in an ensemble context. The pool of possible en-
semble constituent algorithms comprises seven mature, relatively simple PSO
variants: BBPSO, LPSO, HPSO-TVAC, FIPS, UPSO, MiPSO and MaPSO.
The ensemble model consists of n algorithms: AHPSO and n — 1 constituent
algorithms selected from the pool, to be executed one after the other, each
inheriting the population from the previous algorithm in the sequence, and
each running for a fixed number of iterations (default = MaxIterations x %,
where n is the number of constituent algorithms in the ensemble). n was
set at 3 after running preliminary experiments where the number of algo-
rithms was systematically varied. Three algorithms gave the best overall
mean performance. Increasing the number of algorithms beyond this led to
a significant deterioration in performance. We theorise that, as the total
number of iterations was equally distributed between the algorithms, this
deterioration in performance is a consequence of the algorithms not having a
sufficient number of iterations to perform an adequate search as n increases.
Hence, in our ensemble model, the AHPSO algorithm collaborates with two
algorithms selected from the pool. Each possible ensemble combination is
labelled as Fj, as shown in Table 1, which lists all possible triplets of algo-
rithms: AHPSO plus two others from the pool.

4.2. Selection of Ensemble Ordering

Since the ensemble model consists of 3 algorithms: AHPSO (fixed) and
two PSO variants from Table 1, there are 6 different possible ordering for
each combination, as shown in Table 2. For instance, order O; applied to
E3 executes the algorithms in the following sequence: FDR — FIPS — AH-
PSO. The resulting ensemble is referred to as ES'. Note that the same
combination executed with a different order can produce significantly differ-
ent performance. Hence, it is essential to determine the impact of different
execution orders on each combination and to determine if a particular or-
dering consistently produces notable (better or worse) performance for some,
most of, or all of the combinations shown in Table 1.
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Table 1: List of possible ensemble algorithm combinations.

Ensemble Key Constituent; Constituents  Constituents
FE BBPSO HPSO-TVAC AHPSO
FEs FDR BBPSO AHPSO
FE3 FDR FIPS AHPSO
Ey FDR HPSO-TVAC AHPSO
FEs FDR LPSO AHPSO
Eg FDR UPSsO AHPSO
E; FIPS BBPSO AHPSO
FEg FIPS HPSO-TVAC AHPSO
FEq FIPS LPSO AHPSO
FEio FIPS UPSsO AHPSO
Ei LPSO BBPSO AHPSO
FEia LPSO HPSO-TVAC AHPSO
FEi3 UPSO BBPSO AHPSO
Eq4 UPSO HPSO-TVAC AHPSO
FEqs UPSO LPSO AHPSO
FEig MaPSO BBPSO AHPSO
FEq7 MaPSO FDR AHPSO
FEis MaPSO FIPS AHPSO
Eg MaPSO LPSO AHPSO
FEsg MaPSO UPSO AHPSO
FEoy MaPSO HPSO-TVAC AHPSO
FEss MiPSO BBPSO AHPSO
FEss MiPSO FDR AHPSO
FEsy MiPSO FIPS AHPSO
Ess MiPSO LPSO AHPSO
FEg MiPSO UPSO AHPSO
Eyy MiPSO HPSO-TVAC AHPSO
FEbs MiPSO MaPSO AHPSO
Table 2: List of Ensemble Ordering.
Key
Oq Constituent; Constituenty  Constituents
O Constituent; Constituents Constituents
Os3 Constituenty, Constituent; Constituents
Oy Constituenty,  Constituents Constituent,
Os Constituents Constituent; Constituents
Og Constituents Constituenty  Constituenty
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4.3. Ezxperimental Setup

Our preliminary experiments aimed to find the most promising ensemble
(constituent algorithms and corresponding order) to be further investigated
in a full comparative study over multiple test suites and against many com-
parator algorithms. Hence, we experimented with each combination using
the six possible orderings (see Tables 1-2) — a total of 168 ensembles — on
the CEC’17 test suite at 10, 30 and 50 dimensions, comparing each with a
challenging set of 39 benchmark algorithms. The parameter settings of the
constituent algorithms, and comparator algorithms, were unchanged on all
the experiments; the best published general settings were used in each case
(see Table 3). Each problem was tested 51 times, and mean, median, stan-
dard deviation, maximum and minimum error values were recorded for each
problem.

4.4. Ezrperimental Results

Due to the large amount of data obtained from the experiments, it is
impossible to present the complete results in the main body of the paper.
However, the raw experimental results are provided in the supplementary
material. Since each of the 28 combinations, Fj., in Table 1, was investi-
gated in 6 different orders, we have selected a single best wversion of each
combination with the corresponding best order, denoted as Ekoey, 28 in all.
Selection was based on average performance across all problem types and di-
mensions, as we aim to develop a general-purpose method. Results for these
28 ensembles are displayed in the plots in this section.

Figure 1 presents a summary of the statistical-significance results for these
28 ensembles at a = 0.05 against the 39 highly competitive benchmark algo-
rithms shown in Table 3 on the 10, 30 and 50-dimensional CEC’17 problems.
In summary, as shown in Figure 1, we observed a pattern where orderings
01 and O, yield better results for 10-dimensional problems. However, the
opposite pattern emerged with increased problem dimension, where O; and
O, provide relatively poor performance.

Generalisation capability was used as the primary selection criterion for
choosing the most promising of these 28 ensembles for further detailed inves-
tigation.

It is worth briefly assessing the results for the 10-dimensional problems
before proceeding further. The combinations that are evidently better on
10-dimensional problems (Figure 1) are highly unlikely to have even rea-
sonable generalisation capability to handle more complex scenarios. This
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Figure 1: Summary of the Wilcoxon signed-rank test results for the best-performing ensem-
ble derived from each of the 28 candidate combinations on the 10-, 30-, and 50-dimensional
CEC’17 problems. The bars show the percentages of comparator algorithms against which
the tested ensemble is statistically significantly better (+), not statistically significantly
different (=), or statistically significantly worse (—) at a significance level of o = 0.05.
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Figure 2: Summary of the statistical significance results (« = 0.05) for the 7 short-
listed combinations when the proportion of iterations allocated to AHPSO is randomly
set (at 50%, 60% or 70% of Tyu4z). The symbols +, =, and — indicate significantly better
performance, no statistically significant difference, and significantly worse performance,
respectively, at a = 0.05.
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Figure 3: Final ranks attained by EZ®, EQ?, EQe, EQ 9, EQP and ES® with varying

numbers of iterations allocated to AHPSO for CEC’17 problems.
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is verified by the rest of the results obtained (as shown in Figure 1) for 30
and 50-dimensional problems. For instance, S, ES, ESy, ES?, ES? B2,
EQL, EQr, ESY and ESY were statistically significantly better than 60% to
80% of the 39 benchmark algorithms on 10-dimensional problems. However,
on the 30 and 50-dimensional cases, these ensembles performed extremely
inefficiently and were statistically significantly better than only 19%-22%
of the benchmark algorithms at o = 0.05, exhibiting a large decrease in
performance with increased problem dimension. However, in contrast, the
ensembles that cope with complex cases still yield good results for less com-
plex (e.g. 10-dimensional) problems. Hence, performance on the 30 and
50-dimensional problems was weighted more heavily in assessing generalisa-
tion capabilities in choosing the most promising ensembles to further validate
on the 100-dimensional CEC’17 problems.

Moreover, with regard to the ensemble ordering shown in Table 2, the
best results for 30 and 50-dimensional CEC’17 problems were obtained with
the orderings Os and Og (predominantly Og), which initiate the search pro-
cess with AHPSO. This reveals a particularly important point and verifies
our initial hypothesis on utilising AHPSO as an explorative mechanism in
our ensemble model to allow the discovery of promising regions in the search
space (especially in high-dimensional cases). We theorise that the next algo-
rithm inherits the discovered solutions and the relatively diverse population
to further explore, exploit and converge to an optimal or near-optimal solu-
tion. The importance of AHPSO’s role is also verified by the deteriorating
performance of the same combination when executed in a different order.
This performance deterioration is particularly apparent on high-dimensional
problems when AHPSO is the last algorithm in the specified order. Hence, it
is evident that initiating the search with the AHPSO algorithm greatly con-
tributes to the overall performance through initial exploration and discovery
of promising regions.

As shown in Figure 1, several combinations, namely, Elo 6 E404, E806,
Elof, Elof, E2015 and E2076, perform consistently well while improving perfor-
mance with increased problem complexity. Hence, these 7 combinations were
selected for further testing on the 100-dimensional CEC’17 problems. More-
over, the default version of the ensemble algorithm distributes the maximum
number of iterations T),., (defined within the test suites) equally between
the three constituent algorithms. Considering the impact of AHPSO as the
initial algorithm, additional experiments were conducted to assess the re-
sponse of the 7 combinations to an asymmetric distribution of the number of
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iterations, allowing AHPSO to dominate the search process. The number of
iterations assigned to AHPSO was experimented with as 15%, 33%(default),
50%, 60%, 70%, and randomly assigned (as either 50%, 60% or 70%) of the
maximum number of iterations, with the remaining iterations divided equally
between the other two algorithms in the ensemble.

Figure 3 displays the final ranks and the mean final ranks attained for
each iteration distribution case for the 7 ensembles highlighted in the previous
paragraph. In addition, Figure 2 summarises the percentages of statistically
significant results for each combination for 10, 30, 50, and 100-dimensional
CEC’17 problems with AHPSO assigned the number of iterations randomly
(50%, 60%, or 70% of Trnaz)-

It is evident from Figure 3 that ES? consistently maintained lower final
ranks across 10, 30, 50 and 100-dimensional CEC’17 problems compared to
the rest of the ensembles. Moreover, E2015 also appears to be the most respon-
sive to the asymmetrical distribution of the maximum number of iterations
for AHPSO. E9’s best-in-class mean final rank of 3.5 was attained when
the number of iterations for AHPSO was allocated randomly as either 50%,
60% or 70% of Tap. With this setting, ES® ranked 6%, 4™ 374 and 1° on
the 10, 30, 50 and 100-dimensional CEC’17 problems, respectively, against a
comprehensive list of 39 benchmark algorithms.

Overall, based on the results obtained on the CEC’17 problems, we con-
cluded that E® with the number of iteration for AHPSO randomly allocated
(as either 50%, 60%, or 70% of T,,..) is the best ensemble out of the 7 that
were shortlisted and tested from the initial pool of 168 potential ensembles.
Hence, our investigation proceeded with further validation and analysis of
the E9® ensemble on different test suites. A high-level flow chart of the pro-
posed algorithm E2015 — which from this point on we shall refer to as
E-AHPSO - is shown in Figure 4.

The detailed results of the preliminary experiments are presented in the
supplementary material for interested readers.

4.5. Sequential and Parallel Ensemble Approach

In the literature, two main typical approaches are used for ensemble algo-
rithms’ search process: sequential and parallel. In the sequential approach,
an algorithm initiates the search using the whole population; after the given
iterations are completed, the population is passed on to the subsequent algo-
rithm to resume the search. In the parallel approach, each algorithm in the
ensemble model evolves a (randomly or equally assigned) proportion of the
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Figure 4: Flow chart of the proposed E-AHPSO algorithm (E201))

population in parallel, with communication via mechanisms such as a shared
gbest and periodic migration.

Our work, which uses AHPSO as the central mechanism to build our en-
semble algorithm, aligned better with the sequential approach. However, to
counter any hesitation about this approach, we also replicated our experi-
ments using the parallel approach. In the parallel approach, the population
size was set to 40 (the same as in the sequential approach) for all constituent
algorithms, and the number of iterations was distributed equally.

For the shared gbest approach, the constituent algorithms run in parallel
with a shared gbest exemplar, and in the latter approach (periodic migra-
tion): gbest is migrated at specific intervals: 50, 250, 500, 750, and 1000.
The experiments were conducted on all dimensions of the CEC’13, CEC’14
and CEC’17 test suites for both parallel approaches. Figure 5 visualise the
statistical results for the 10, 30, 50 and 100-dimensional CEC’13 problems for
the parallel E-AHPSO with shared gbest. The results reveal that the perfor-
mance deteriorates significantly relative to the sequential approach across all
test suites and dimensions, with many comparator algorithms outperforming
the parallel version that uses a shared gbest. Similarly, Figures 6-7 display
the results for the parallel E-AHPSO with periodic migration intervals of 50
and 1000 for the 10, 30, 50 and 100-dimensional CEC’13 problems. Once
again, the parallel version of the E-AHPSO with periodic migration exhibits
performance comparable to that of the shared gbest version, with some im-
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provement observed in 100-dimensional cases. We also observe a similar per-
formance trend across other dimensions and test suites. Although we observe
slight differences among parallel E-AHPSO versions, overall performance is
significantly inferior to that of the sequential E-AHPSO.

We believe that this is because the explicit initial explorative/population
diversifying role of the AHPSO algorithm in the sequential version is not fully
realised in the parallel version. Since the results obtained for the parallel
approach do not change the narrative of our work, we have only provided
them in summary form. Interested readers can find the raw results of the
parallel approach ensemble model in the supplementary material.

5. Main Experiments: Detailed Comparative Validation of E-AHPSO

In this section, the performance of the ensemble that demonstrated the
strongest overall performance in the preliminary experiments, hereafter re-
ferred to as E-AHPSO (Section 4.4), is evaluated on a broader range of
problems using the CEC’13, CEC’14, and CEC’20 test suites.

5.1. Ezxperimental Setup

The effectiveness of the proposed algorithm, E-AHPSO, particularly its
ability to perform well over a wide range of problems, was further evalu-
ated on the 10, 30, 50 and 100-dimensional CEC’13[102], CEC’14[103| and
CEC’20[104] (10 and 20-dimensional) test suites against the same very com-
petitive 39 benchmark algorithms used in the preliminary experiments (sec-
tion 4.4), consisting of 15 mature PSO variants (including the Bare-bones
PSO, Comprehensive Learning PSO, Dynamic Multi-Swarm PSO, Ensemble
PSO, Fitness-Distance Ratio PSO, Fully Informed PSO, Heterogeneous Com-
prehensive Learning PSO, Hierarchical PSO with Time-Varying Coeflicients,
(see Table 3) that have been extensively investigated, cited and applied to
many real-world problems, 14 recently published (2020 and after) powerful
and highly cited PSO variants (including advanced heterogenous multi-swarm
and multi-strategy learning variants such as HCLDMS-PSO, HIDMS-PSO,
FFQ-HIDMS-PSO, A-HIDMSPSO, GA-HIDMS-PSO, AHPSO, BEPSO, TL-
SPSO, XPSO) and 10 non-PSO algorithms including three differential evolu-
tion variants (IEEE CEC competition winner L-SHADE, CoDE and MTDE).

The full details of the benchmark algorithms and the corresponding para-
metric settings are shown in Table 3. The best published general settings
were used for each algorithm. Each problem was tested 51 times to compute

27
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Figure 5: Statistical results for parallel E-AHPSO with shared gbest against the 39 bench-
mark algorithms on 10, 30, 50, and 100-dimensional CEC’13 problems. The symbols +,

=, and — indicate significantly better performance, no statistically significant difference,
and significantly worse performance, respec%ié/ely, at a = 0.05.
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Table 3: Benchmark Algorithms and Parameters.

Key Parameters
E-AHPSO* see corresponding settings of the constituent algorithms
AD-TFA (2020) [105] n =40, 0 = 0.2, Boinm = 1,7 = 1
AGWOCS (2021) [106] n=100,a =2 — 2(—L—)
0.994(0-2=0.99)
A-HIDMS-PSO (2021) [107] n =400 = Trexp(—5(p 2k —1))
mazx
1 =2.5—0.5,c0 =05 2.5
_ _ 0.99+(0.2=0.99) _
=4 = = 2. .
AHPSO (2021) [2] n =40,w1 Tresn(—5(p 2L 1) L 5— 0.5
max
co = 0.5 — 2.5, = 20, B, = 1
AOA (2020) [108] n = 30, a = 5, x = 0.499

n =40, = 4.1, A = 0.729, c; = c3 = 2.05

BBPSO (2003) [18] = e U(0,1)

_ _ 0.99+(0.2—0.99)
BEPSO (2021) [109] n=40,w1 = Tteap(—5(Z——1))

Tmazx

co = 0.5 — 2.5, phase = 10, SRmqe = 0.01
SRynin = 0.001,biasipreshold = 20

Je1 =25 0.5

n=40,w =0.9 — 0.2, c = 1.49445

BFLPSO (2021) [110] e el

BRPSO (2005) [111] 7 =40,w = 0.8 — 0.6, c1, ¢z = 1.49445
CLPSO (2006) [56] n=140,w0 =04 5 00,c) = cy = 1.49446, m =7
CoDE (2011) [25] CR=10.1,0.9,0.2], F = [1,1,0.8]
DMS-PSO (2006) [52] 7 =40, w == 0.729, c1, c; = 1.49445, M = 3, R = 15
DSPSO (2019) [112] 7 =140,¢1 =2, Frogp = 0.7

n=40,0 =09 502, w; =09 504,61 =35 1.5
EPSO (2017) [94] c2y,¢3,,cay = 2.5 = 0.5,ca,, 3,

cay = 0.5 = 2.5, Pc = 0.5, ngize = 3
FDR (2003) [98] n=40,w0 =09 — 0.4,c1 =cg,c=2
FIPS (2004) [21] 7 =40, x = 0.729, > c; = 4.1

0.99 0.2—0.99
FFQ-HIDMS-PSO (2021) [113] "~ 40«1 = Hemp(t(rth ,)1))’51 =25—205
maz

c2 = 0.5 = 2.5, FFyerioa = 100

0.99+(0.2—0.99)

n=40,w; = —OFO2099) o _ 55 0.5
GA-HIDMS-PSO (2021) [114] Iteap(=5( o —1))

co = 0.5 = 2.5, phasepgo = 100, phaseg g = 50, Pc = 0.7
v =0.4,Pm =0.3, 0= 0.1, Tournamentg;,. = 3

7 =50, Noluster = 5, clustermag = n

GuASPSO (2020) [115] clustermaz = 2, LRmaz = 0.1, Wimode = 2, kmin = 0.4
Emaz = 0.9, SOM™e" =4 xn
GWO (2014) [116] n=100,a =2 —2(32—)
“INAXL

n =40,w = 0.29 — 0.99

HCL-DMS-PSO (2020) [117] s = ) cp = 0.5 3 2.5, pm = 0.1

HCLPSO (2015) [57] n = 40,w = [0.2,0.9], ¢1, co = [0.5,2.5],c = [1.5, 3]
HGWOP (2021) [118] n = 100, amaz = 2, ¥min = 0, Crmae = 1,Crpmin =0
— —0.997(0.2-0.99) —
HIDMS-PSO (2020) [119] n=40,w1 = Trean(—5(p2——1) ' = 2505
max
co = 0.5 2.5
HPSO-TVAC (2004) [20] n=140,¢c; =25 505,c3 =05 =25
GrSAPSO (2020) [120] 7 =40,a = 0.5, 8 = 0.01, c3 = d/n = 0.01
I-CPA (2023) [121] nCPlant = 2, nPrey = 8, n = nCPlant + nPrey
JAYA (2016) [122] n =50
LPSO (1998) [19] n=40,0 =00 5 0.4d,c; =c2 =2

T nit ini
Nt — round(D x vV ), |A| = round(N™t x rare)

L-SHADE (2014) [24] roTch — 56 e 011 H = 6

maPSO (2014) [23] n =40,w = 0.9 — 0.4, c = 1.49445

miPSO (2014) [23] n =40, w = 0.9 — 0.4, c = 1.49445
MSCPSO (2020) [123] n =40,c1,c0 = 1.4, k] =5,ks =10, M =5
MSPSO (2023) [124] n = 100, w = 0.729, c1,c3 = 2

Winlter = 20, H = 5, initial = 0.001, final = 2
MTDE (2020) [26] s log(D), uf = 0.5.0 = 0.2 I

SLPSO (2015) [125] n = 100,a = 0.5, 8 = 0.01

SSA (2019) [126] 50, Nj, = 4,Gc = 1.9, Pgp = 0.1

TLSPSO (2022) [70] = 100,c5 = 2

n
n
UPSO (2004) [22] n = 30, x = 0.729, c1,c3 = 2.05, u = 0.5
XPSO (2020) [127] n =50,w =04 — 09,7 =0.2, 5tagmas = 5,p = 0.2
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the mean, median, standard deviation, minimum, and maximum error values.
The population was initialised using uniform random initialisation within the
search space. Randomness was handled using MATLAB’s rng(’shuffle’)
command as a time-dependent seed. Therefore, the 51 runs were performed
as independent stochastic trials with different random states, rather than
using a predefined fixed seed sequence. The rest of the experimental set-
tings are replicated as stated in the original publications of the test suites
[102][103][128][104].

5.2. Experimental Results

In this section, the experimental results for the CEC’13, CEC’14 and
CEC’20 problems are discussed in detail, while the results obtained in the
preliminary experiment for the CEC’17 problems are overviewed in conjunc-
tion with the main experimental results to observe any patterns or issues
regarding the generalisation capability of the proposed algorithm, E-AHPSO.

Figures 8-11 display the results obtained for the CEC’13, CEC’14 and
CEC’20 test suites. Based on the mean and final ranks obtained by E-
AHPSO, it is evident that for both CEC’14 and CEC’17 problems, while
the proposed algorithm performs very well at all dimensions, it generally im-
proves with increased problem dimensions; E-AHPSO ranked 1% out of the
39 benchmark algorithms for 100-dimensional CEC’14 and CEC’17 prob-
lems, and attained the 6, 5" and 4" ranks on 10, 30, and 50-dimensional
CEC’14 problems, respectively. We observe a similar pattern in the case of
the CEC’17 problems, shown in section 4.3, where E-AHPSO ranked 5%,
4t 3rd and 1% for 10, 30, 50 and 100-dimensional problems, respectively.

However, we observe an opposite trend in the case of the CEC’13 prob-
lems, which appears to be a common pattern in the performance of the
majority of the benchmark algorithms; E-AHPSO ranked 37, 4% 27 and
9" on 10, 30, 50 and 100-dimensional CEC’13 problems, respectively.

Moreover, E-AHPSO ranked 7% and 4" on 10 and 20-dimensional CEC’20
problems out of 39 benchmark algorithms, respectively. It is worth noting
that the CEC’20 test suite is much less complex (with regards to the number
of problems and dimensions) compared to the CEC’13, CEC’14 and CEC’17
test suites and is comprised of 10 problems testable solely at 5, 10, 15 and 20
dimensions, making it a more competitive test suite. The final ranks obtained
by E-AHPSO on CEC’20 problems further verify the consistent performance
and generalisation capability of the proposed algorithm.

32



10-dimensional CEC13 problems

1 r——rrrrrrrrrrrrrrrrrr1rrr 111 1T T 1T 1T 1T 1T 1T 1T 1T 17T 17T 1T T T T T T T TT
°
o5 o ¢ —e p<005-) ||
3 L ° —e p<0.05(+)
g 0519 ° —=o0 p>005(=) |+
& N 0.05 threshold
0.251 T ° _
0.05 1 = N R e e e S S T N o o e e e e e s s S )
QO KO000000LOO000LRO00LO0O0NO0 00000 L0PNROD0 &Kk
N S S o e T S R g o oo 7
XSRS AR ICA IR I AN W F Y Vo TEN O
Ve S S SIS & o e
(&4 X 0y X X & by
& X LS &

Algorithms in rank order
30-dimensional CEC13 problems

1 LI rrrrrrrTrrrrrrrrrrrrrrrr1rrrr1rrrrrr T T 1T 1T T T T T
0.75 °® —eo p< 0-05(*) .
g ® [ ® —0 p< 005(+)
‘_I; 0.5 ° ® —0 p> 005(:) .
Q.

0.05 threshold

0.25 ] ? -
0.05 1 .?—g"!...“.‘...‘...“......"
000 O0KLFOFRLLDLLOOO00LOODNO000LNLODLO0D0 K ey
o§°" 9 ‘§"o ~§%0°0~2§ L é\o O 3% Q?% & {(3% @2%69% P LEOL %Q@ \96\9? \3% 3% 32% < 6&30,« N \§% %Q% o~ @Q% Q?% -~ 3% KONV
PR SRV SN SRR URC M A S A A X 2OV v ¥ FENO
I AR © © AN @ N L v
oY X A X =y O K
‘2‘ 0?“ ¥ é( {_Q\

Algorithms in rank order
50-dimensional CEC13 problems

1 T T rrrrrrrrrrrrrrrrrrrrrr1rrr1rTrrr T T T T T T T T T T T T
%o
0.75 * —=o p<005(-) |
2 “ ——e p<0.05(+)
S 05 ° N ——=e p>005(=) |7
e —————— 0.05 threshold
0.25 * -
0.05 1 T ?9,.’,......................."
0.0 00O R OO0 0O 00K 000000 0N000L0NO0D0D00F Ly
%Q% §6 %Qro Qeooo% 2 $o% 2 82 L ‘5%\*0% 2 (8% 86 $o §Z & o;z% 86 S *ge 3% 3%\'&\“‘:‘333% N \5‘2%0{( oj,{” X <§°" © Qge 8% KON
MO PE FPFLF YSW KO V¥ E 8P o o P FEO
C O O ¥ ¥ N NS < 8
& X R X kS )
SalNCs ¥ & &

Algorithms in rank order
100-dimensional CEC13 problems

L I T T T T T 7T T 7T T T 7T 17T 17T 17T 17 17117 17T 17 17T 17T T T 1T T T T T
®
075 [ —e p<005-) |
o ° —=eo p<0.05(+)
T 05 “ °e ——=e p>005=) |7
. —— 0.05 threshold
0.25 -
0.05 : s
O00LOOROO000KOOOD00ROKLO D000 OO ?O 900K Pk
D69 6D 0920 00 0D 6D 0P P A0 020D 02 020D 0D O K DT D 6D (R D 0D X DN DR 097 O D60 OB 2
Q2 Q7P Q7RI R28IR2 RIR IR YR 2R R 7R 27 KV RN RIN 82 R° U PR I R KPR I0 R Q% v W'
/\@@6 c;@ %Q\@Qq,é\/’@@g Q,@@Q&@g&v\)@& 0@@-\—%0, VoY \&@\voo 3 @®§®QOV
~2§) Q N ‘o@O v E NI o\é & v
X X ¥ ((((0‘ \@

Algorithms in rank order

Figure 8: Statistical results for E-AHPSO against the 39 benchmark algorithms on 10,
30, 50 and 100-dimensional CEC’13 problems. The symbols +, =, and — indicate signif-
icantly better performance, no statistically significant difference, and significantly worse
performance, respectively, at a = 0.05. 33
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Figure 9: Statistical results for E-AHPSO against the 39 benchmark algorithms on 10,
performance, respectively, at a = 0.05.
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Figure 10: Statistical results for E-AHPSO against the 39 benchmark algorithms on 10,
30, 50, 100-dimensional CEC’17 problems. The symbols 4, =, and — indicate significantly
better performance, no statistically significant difference, and significantly worse perfor-
mance, respectively, at a = 0.05. 35
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Figure 11: Statistical results for E-AHPSO against the 39 benchmark algorithms on 10 and
20-dimensional CEC’20 problems. The symbols 4+, =, and — indicate significantly better
performance, no statistically significant difference, and significantly worse performance,
respectively, at a = 0.05.
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The Wilcoxon signed-rank test was applied to the results obtained for the
10-, 30-, 50-, and 100-dimensional CEC’13, CEC’14, and CEC’20 test suites
using a significance level of @ = 0.05. Throughout the statistical analyses, the
symbols 4, =, and — indicate that the reference algorithm performs statisti-
cally significantly better than, is not statistically significantly different from,
or performs statistically significantly worse than the comparator algorithm,
respectively. The symbols + and — therefore correspond to p < «, with
the direction determined by the comparative performance of the algorithms,
whereas = denotes p > a.

Due to the large volume of data, the results presented in the paper are
summarised; however, the detailed statistical results are provided in the sup-
plementary material for interested readers.

Figures 8-11 present a summary of the comparative statistical signifi-
cance results against the 39 benchmark algorithms at a significance level of
0.05 for the CEC’13, CEC’14 and CEC’20 problems. We note that none of
the 39 benchmark algorithms were statistically significantly better than E-
AHPSO for any of the dimensions of the CEC’14 and CEC’20 problems. In
addition, the results obtained for the CEC’13 problems reveal that TLSPSO
is the sole algorithm to be statistically significantly better than E-AHPSO
on 30, 50, and 100-dimensional CEC’13 problems. However, as shown in
Figure 11, E-AHPSO was statistically significantly better than TLSPSO on
10-dimensional CEC’20 problems.

A closer inspection of the statistical results compared with various power-
ful well-known benchmark algorithms, including CoDE, L-SHADE, MTDE;,
HCL-DMS-PSO and EPSO (a prominent PSO-based ensemble), indicates
that E-AHPSO was statistically significantly better than EPSO on 30-dimensional,
EPSO and MTDE on 50-dimensional, EPSO, MTDE and L-SHADE on 100-
dimensional CEC’17 problems. Moreover, E-AHPSO was significantly better
than HCL-DMS-PSO and MTDE on the 100-dimensional CEC’14 problems.
Figure 12 displays the final ranks attained by the same top-performing al-
gorithms (CoDE, L-SHADE, MTDE, EPSO, HCL-DMS-PSO, TLSPSO) on
the CEC’13/14/17 problems and the average of final ranks obtained across
different dimensions of the three test suites. The Figure shows that the pro-
posed algorithm, E-AHPSO exhibits noticeable robustness and generalisation
capabilities by maintaining comparable final ranks across all four dimensions
of the CEC’13, CEC’14, and CEC’17 test suites, while attaining better ranks
compared to various top-performing benchmark algorithms. In addition, as-
sessment of the statistical results for the constituent algorithms that comprise
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Figure 12: Comparison of the final ranks obtained on CEC’13, CEC’14 and CEC’17 test
suites for 10, 30, 50 and 100-dimensional cases by the proposed algorithm (E-AHPSO)
and several top-performing algorithms.
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Figure 13: Mean ranks obtained by the proposed algorithm (E-AHPSO) and the 39 bench-
mark algorithms for 100-dimensional multimodal problems from the CEC’13, CEC’14 and
CEC’17 test suite.
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Figure 14: Mean ranks obtained by the proposed algorithm (E-AHPSO) and the 39 bench-
mark algorithms for 100-dimensional composition problems from the CEC’13, CEC’14 and
CEC’17 test suite.
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Figure 15: Mean ranks obtained by the proposed algorithm (E-AHPSO) and the 39 bench-
mark algorithms for 100-dimensional hybrid problems from the CEC’14 and CEC’17 test
suite.
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E-AHPSO reveals that the proposed ensemble algorithm is statistically sig-
nificantly better than its constituents, AHPSO, MaPSO and HPSO-TVAC,
in all of the experiments except for two cases where no significant difference
was observed for AHPSO (on 100-d CEC’13 problems) and MaPSO (on 10-d
CEC’14 problems).

Overall, on average, the proposed algorithm E-AHPSO was statistically
significantly better than 64% (69%, 61%, 66%, 61% at dimensions 10, 30, 50,
100) on CEC’13, 71% (64%, 66%, 76%, 79% at dimensions 10, 30, 50, 100)
on CEC’14 and 78% (64%, 82%, 82%, 87% at dimensions 10, 30, 50, 100) on
CEC’17 and 60% (56%, 64% at dimensions 10 and 20) of the 39 benchmark
algorithms on the CEC’20 test suite.

Furthermore, E-AHPSQO’s performance on various problem types was as-
sessed to gain a deeper understanding of its limitations and suitability for
specific problem types. Figures 13,14,15 display the average of the ranks ob-
tained on the 100-dimensional CEC’13, CEC’14, CEC’17 multimodal, hybrid
and composition functions. In summary, E-AHPSO obtained the lowest mean
ranks on the composition functions of the CEC’14 and CEC’17 test suites
(7.4 and 3.8). For multimodal CEC’14 and CEC’17 problems, E-AHPSO
obtained the 5" and 2"? lowest average ranks, respectively. The CEC’14 and
CEC’17 test suites contain hybrid problems that are randomly divided into
groups and evaluated by distinct functions. This type of partial separability
is a common characteristic observed in real-world problems. Hence, the per-
formance of an algorithm on hybrid functions may indicate its potential for
real-world problems. Bearing this in mind, the proposed algorithm achieved
the 3¢ lowest mean rank (8), behind HIDMS-PSO (7.1) and EPSO (6.5), for
the hybrid problems of CEC’14, and the 5 lowest mean rank for the hybrid
problems of the CEC’17 test suite. In summary, E-AHPSO performed very
competitively on all problem types.

At this point it is is worth revisiting the central hypothesis of combin-
ing exploitative algorithms with AHPSO to enhance the overall search pro-
cess. It is important to note that the AHPSO algorithm’s exploration ca-
pability is very general and robust, independent of the control parameters
and rather embedded in the algorithm through bio-inspired heterogeneous
behaviour, whereas the selected pool of candidate algorithms (FDR-PSO,
UPSO, BBPSO, LPSO, HPSO-TVAC) primarily rely on control parameters
to balance exploration and exploitation.

As MaPSO and HPSO-TVAC were selected as the exploitative algorithms
in the ensemble based on the results of our preliminary experiments, it will be
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valuable to justify the behavioural differences that yield efficient performance
with emphasis on the execution order. As we have previously discovered
from our investigations, the optimal execution order begins with AHPSO,
which exhibits highly exploratory behaviour, allowing the swarm to maintain
greater population diversity and higher velocity magnitudes during the early
stages of the search, allowing AHPSO to perform an initial broad global
search, reducing the risk of premature convergence and aiding the swarm in
identifying multiple regions of high potential before exploitation begins.

As shown in Figures 27-29, the subsequent constituent algorithm, HPSO-
TVAC, inherits a highly active swarm to initiate the intermediate search
phase. Due to HPSO-TVAC’s reliance on the ghest, particles’ focus intensifies
towards the gbest exemplar as it reaches the end of the search phase. This
enables the swarm to briefly explore the AHPSO-inherited solutions, then
focus on the most promising regions before handing over to MaPSO. It is
worth highlighting the importance of HPSO-TVAC’s mediating role in E-
AHPSO, which enables it to inherit AHPSO’s output and, in effect, narrow
it down to more selective and refined solutions for exploitation.

The late-stage exploitation performed by MaPSO is beyond a simple con-
vergence and complements the previous two stages carried out by AHPSO
and HPSO-TVAC. MaPSQO’s comprehensive learning mechanisms prevent the
swarm from converging immediately at the onset of handover. This behaviour
of MaPSO is particularly handy in multimodal and complex search spaces
where solely relying on the gbest exemplar could lead the swarm to collapse
on a local optimum. Hence, the constituent algorithms (AHPSO — HPSO-
TVAC — MaPSO) and their particular ordering yield far better performance
than the other ensemble configurations tested in preliminary experiments be-
cause each constituent contributes distinctly and sequentially complementary
behaviours to the overall search process. These can be summarised as: AH-
PSO discovers promising regions while preserving diversity, HPSO-TVAC
exploits and refines AHPSO inherited solutions, followed by MaPSQO'’s late-
stage exploitation towards convergence, while preventing over-exploitation
and premature convergence via the comprehensive learning mechanism. The
result is an efficient and robust optimiser which performs extremely well
across different problem types and dimensions.
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Table 4: Statistical performance results on CEC13 10D benchmark functions.

o
n
502
0
I ¢ 2 3 & 3
o) % 53} e} D. = ; EJ a,
< = 2 £ ©§ & @ & 3
Function Statistic H [os] O = o= o= A = &
avg 0 0 0 0 0 0 0 0 0
F1 std 0 0 0 0 0 0 0 0 0
min 0 0 0 0 0 0 0 0 0
max 0 0 0 0 0 0 0 0 0
avg 4.77e4 4.72e5 0 2.54e4 1.16e5 1.94e4 0 0 1.15e4
F2 std 37087 2.96e5 0 1.57e4 1.17e5 1.44e4 0 0 6.79e3
min 1.01le4 5.91e4 0 4.67e3 1.92e4 1.28e3 0 0 978.36
max 1.87e5 1.12e6 0 6.25e4 5.19e5 4.97e4 0 0 2.40e4
avg 424.27 417 0.69 5.19e5 451.56 265.69  0.47 1.4 0.67
F3 std 1.26e3 708.16 1.45 5.71e5 776.82 696.87 1.54  2.57 1.25
min 0 0.2 0 1.23 5.05 0.03 0 0 0.01
max 5.35e3 3.09e3  6.32 1.85e6 2.76e3 2.99e3  6.32  6.32  5.68
avg 868.86 5.26e3 0 225.2 2.25e3 1.21e3 0.01 0 714
Fa std 610.23 1.90e3 0 136.66 1.31e3 703.73  0.06 0 694.52
min 38.42 2.29e3 0 26.8 689.41 322.27 0 0 58.06
max 2.16e3 9.98e3 0 639.65 6.26e3 3.24e3  0.27 0 2.73e3
avg 0 0 0 0 0 0 0 0 0
F5 std 0 0 0 0 0 0 0 0 0
min 0 0 0 0 0 0 0 0 0
max 0 0 0 0 0 0 0 0 0
avg 3.5 811 0.49 1.15 5.52 3.01 5.4 0.98 9.48
F6 std 0.86 3.53 2.19 298 4.46 4.57 5.01 3.02  2.17
min 0.02 0.07 0 0 0.02 0 0 0 0.3
max 4 9.82 9.81 9.81 9.83 9.81 9.81 9.81 10.14
avg 0.14 0.06 0.23 3.89 0.05 0.2 0.57 0.18 0
7 std 0.17 0.1 0.18 3.74 0.05 0.49 2.33 0.22 0
min 0.01 0 0.06 0.48 0 0.01 0 0.01 0
max 0.71 0.37 0.85 13.74 0.19 2.17 10.46 0.8 0.01
avg 20.37 20.35 20.62 20.37 20.39 20.31 20.23 20.31 20.35
F8 std 0.07 0.09 0.63 0.08 0.08 0.09 0.18 0.11 0.1
min 20.22 20.15 20.01 20.26 20.19 20.14 20 20.1 20.08
max 20.49 20.5 21.61 20.5 20.53 20.47 20.48 20.51 20.48
avg 1.86 1.33 0.86 3.04 1.14 1.72 3.74 1.94 1.04
F9 std 0.64 1.04 0.79 1.13 0.91 0.81 1.77 0.86 0.33
min 0.39 0.01 0 0.44 0.07 0.31 0 0.23 0
max 2.82 4.48 2.5 439 293 3.13 6.22 3.73 1.74
avg 0.08 0.23 0.05 0.57 0.09 0.14 0.01 0.06 0.05
F10 std 0.06 0.14 0.02 0.38 0.04 0.06 0.01 0.04 0.03
min 0.02 0.08 0 0.12 0.01 o0.07 0 0 0.01
max 0.25 0.52 0.09 1.5 0.19 0.31 0.06 0.15 0.12
avg 1.14 0.17 0 0 2.25 3.63 0 0.05 2.09
F11 std 1.45 0.37 0 0 1.5 1.75 0 0.22 1.2
min 0 0 0 0 0 0.99 0 0 0
max 4.97 0.99 0 0 4.97 8.95 0 0.99 4.97
avg 4.19 4.65 6.77 9.32 3.8 6.12 5.24 11.49 3.68
F12 std 1.98 0.98 2.55 3.21 1.35 1.94 1.98 4.41 2.22
min 0.99 297 199 497 199 298 299 497 0.99
max 9.12 6.75 10.94 17.1 5.97 9.95 897 18.9 8.95
avg 5.92 5.16 9.86 14.6  4.94 11.57 7.4 18.79 6.78
F13 std 4 2.5 594 582 272 545 3.97 10.05 2.82
min 1 1.69 2.98 4.64 0 278 1.99 1.99 1.99
max 15.07 10.16 21.37 22.56 9.89 24.22 18.63 42.27 11.4
avg 159.47 6.59 0.03 15.99 &83.15415.45 0.06 3.93 320.81
Fla  Std 127.16 5.14 0.04 30.55 74.01 144.53 0.05 3.86 95.76
min 0.36 0.86 0 0.12 0.45 142.42 0 0.12 135.26
max 386.23 23.05 0.12 136.5 243.23 689.08 0.12 11.95 544.7
avg 251.68 566.59 606.31 609.08 301.11 375.85 528.06 454.28 190.68
F15 std 128.61 150.18 361.96 249.62 174.4 211.42 182.45 241.92 100.53
min 126.97 121.43 125.72 196.7 31.83 136.78 260.43 164.28 123.37
max 505.02 834.8 1.83e3 1.02e3 694.32 882.92 810.31 1111 544.25
avg 0.66 1.09 6.63 0.95 0.35 0.44 0.31 1.05 0.88
F16 st?i 0.19 0.18 5.77 0.25 0.14 0.24 0.13 0.25 0.28
min 0.39 0.85 0 046 0.15 0.18 0.06 0.56 0.48
max 1.03 1.58 16.4 1.35 0.68 1.14 0.5 1.47 1.43
avg 10.7 11.73 9.62 11.63 14.19 15.37 9.62 5.33 13.97
F17 std 0.5 0.57 2.26 2.82 1.51 2,77 226 5.11 1.91
min 10.15 10.88 0.01 1.31 11.77 11.76 0 0.04 10.94
max 11.72 12.93 10.12 15.73 16.91 23.99 10.12 10.73 17.8
avg 20.5 26.31 50.78 21.92 16.48 17.19 15.52 13.7 18.1
F18 std 3.58 3.92 40.57 5.78 1.54 4.02 3.3 6.35 5.14
min 14.6 18.81 6.41 12.44 14.29 12.96 5.11 3.72 11.6
max 28.06 31.8 134.29 32.63 20.29 25.92 22.06 28.49 32.68
avg 0.53 0.63 4.49 0.56 0.54 0.81 0.25 0.43 0.71
F19 std 0.09 0.09 3.01 0.18 0.1 0.33 0.04 0.12 0.23
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min 0.37 0.4 0.49 0.24 0.37 0.36 0.18 0.22 0.45
max 0.69 0.7 12.05 0.91 0.67 1.77 0.34 0.59 1.23
avg 1.7 2.02 3.82 2.23 1.97 2.13 2.74 2.76 1.47
F20 std 0.65 0.4 1.2 0.43 0.47 0.59 0.5 0.43 0.62
min 0.64 1.63 1.99 1.5 0.84 0.79 1.9 2 0.62
max 3.04 3.08 5.19 2.92 2.71 3.01 3.46 3.48 3.43
avg 400.19 393.7 300.1 309.55 400.19 400.19 400.19 200 400.19
Fa21 stfi 0 29.06 102.7 119.78 0 0 0 0 0
min 400.19 270.25 200 100 400.19 400.19 400.19 200 400.19
max 400.19 400.19 400.19 400.19 400.19 400.19 400.19 200 400.19
avg 101.25 35.29 670.36 38.03 84.46 411.25 1.21 108.81 171.56
F22 std 97.92 37.04 717.32 28.02 62.72 240.07 2.85 20.94 139.38
min 5.02 5.02 9.6 1.4 22.87 42.74 0 49.15 10.19
max 360.27 109.54 2.55e3 106.99 211.65 847.88 8.84 145.46 517.92
avg 344.24 231.43 972.85 564.21 199.7 618.48 603.4 527.46 196.1
F23 std 162.39 140.65 1.08e3 284.45 173.89 183.39 297.25 240.81 142.29
min 37.29 84.29 53.89 162.26 19.17 154.22 91.51 95.91 12.83
max 638.22 585.74 3.48e3 1.08e3 518.6 987.78 1.24e3 944.74 420.59
avg 187.89 199.31 193.46 142.5 200.15 175.84 204.5 206.91 202.38
F24 std 33.99 9.86 27.2 39.04 0.05 39.95 5.17 0.57 4.9
min 111.09 164.83 103.9 109.13 200.07 108.79 200 205.94 200
max 216 209.2 206.8 211.1 200.23 207.53 214.19 208.01 213.21
avg 201.78 199.35 187.18 193.2 200.17 200.63 204.65 204.81 200
F25 std 3.17 5.6 33.84 29.79 0.07 0.82 4.76 0.56 0
min 200.04 177.5107.19 110.32 200.09 200.02 200 204.54 200
max 210.61 208.1 204.55 215.66 200.36 202.9 214.77 206.97 200.01
avg 114.82 120.16 134.19 113.48 118.26 118.56 124 191.56 209.17
F26 std 29.96 32.71 44.25 6.87 35.27 28.39 39.02 26.26 89.69
min 100.04 103.17 101.99 103.98 101 101.99 102.99 104.97 101.99
max 200.03 200.03 200.02 127.88 200.03 200.02 200.02 200.02 308.73
avg 395.22 300.08 310.15 332.7 301.25 328.36 314.52 434.26 395
Fa27 std 21.36 0.19 30.73 28.73 0.41 43.41 45.61 91.8 22.36
min 304.46 300 300.07 301.9 300.74 300.15 300 300 300
max 400 300.8 400 400 302.47 400 473.93 518.08 400
avg 305 295.04 260 250 290 295 300 260 325
Fog8 std 82.56 14.2 82.08 88.85 44.72 51.04 0 82.08 44.43
min 100 243.54 100 100 100 100 300 100 300
max 400 300 300 300 300 400 300 300 400

Table 5: Statistical performance results on CEC13 100D benchmark functions.
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avg 0 0 0 0 0 0 0 0 0
F1 std 0 0 0 0 0 0 0 0 0
min 0 0 0 0 0 0 0 0 0
max 0 0 0 0 0 0 0 0 0
avg 3.34e6 2.86e7 9.42e5 1.25e6 1.05e7 1.98e6 4.38e5 3.87e6 2.64e6
F2 std 4.17e5 5.53e6 2.66e5 2.71e5 3.65e6 3.93e5 1.74e5 9.46e5 6.06e5
min 2.63e6 2.07e7 5.30e5 8.68eb5 5.58e6 1.44e6 1.91e5 2.46e6 1.59¢6
max 4.07e6 4.01e7 1.62e6 1.86e6 2.46e7 2.89e6 7.40e5 5.46e6 3.77e6
avg 2.50e8 1.15e8 2.34e8 2.74e9 5.29e7 2.31e8 1.05e9 2.60e9 1.10e9
F3 std  1.25e8 6.59e7 2.50e8 2.48e9 3.92e7 1.75e8 4.88e8 1.82e9 7.30e8
min 7.18e7 2.48e7 2.25e7 5.55e8 1.09e7 4.13e7 1.90e8 6.76e8 6.35e7
max 4.54e8 2.70e8 1.09e9 1.10e10 1.44e8 6.36e8 1.96e9 7.09e9 2.41e9
avg 1.29e3 1.36e3 1.12 8.88 5.41e3 233.4 4.48¢4 0.62 501.51
F4 std 371.85 389.06 1.21 5.46 1.05e3 96.47 3.16e4  0.59 118.91
min 705.33 849.78 0.11 2.2 3.75e3 117.88 29.04 0.05 278.52
max 1928.9 2.51e3  5.38 21.36 7292.7 509.09 1.09e5 2.29 734.79
avg 0 0 0 0 0.01 0 0 0 0
F5 std 0 0 0 0 0 0 0 0 0
min 0 0 0 0 0.01 0 0 0 0
max 0 0 0 0 0.01 0 0 0 0
avg 189.37 202.31 148.04 118.63 207.2 101.2162.75 207.2 219.83
F6 std 33.31 25.9 53.49 67.14 35.18 70.88 61.45 28.24 7.8
min 98.53 167.15 14.37 13.91 168.98 11 15.63 158.22 215.17
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max 242.95 250.88 235.8 256.63 294.05 223.74 245.71 276.55 247.78
avg 22.85 45.57 55.85 102.91 16.24 37.13 111.65 128.29 10.25
F7 std 3.67 8.88 8.58 16.43 5.26 5.47 18.99 24.21 3.9
min 16.8 30.67 38.83 78.75 8.81 26.14 71.7 83.61 3.35
max 30.14 63.36 69.49 129.02 26.91 46.05 134.95 184.68 20.35
avg 21.31 21.25 21.48 21.27 21.32 21.29 21.26 21.25 21.3
F8 std 0.03 0.03 0.2 0.06 0.03 0.03 0.05 0.04 0.03
min 21.24 21.2 21.11 21.17 21.28 21.24 21.13 21.17 21.25
max 21.35 21.31 21.75 21.34 21.37 21.33 21.33 21.33 21.35
avg 71.91125.33 79.66 112.76 57.75 66.51 141.08 119.23 30.62
F9 std 8.14 4.05 9.46 6.53 13.21 9.51 3.09 7.61 3.42
min  53.94 116.17 66.95 100.5 41.52 54.77 133.42 105.46 22.89
max 94.29 132.11 98.62 125.8 93.2 85.56 145.85 130.58 36.5
avg 0.28 0.14 0.07 0.12 1.79 0.06 0.05 0.27 1.18
F10 std 0.25 0.1 0.04 0.09 0.21 0.03 0.03 0.28 4.79
min 0.03 0.01 0.03 0.01 1.52 0.01 0.01 0.03 0.01
max 1.04 0.38 0.21 0.43 2.39 0.16 0.11 1.06 21.52
avg 78.5 4.06 9.65 3.74175.46 247.69 12.39 396.34 62.05
Fi1 stf:l 19.12  2.26 9.32 1.63 20.32 29.03 22.55 53.34 11.21
min 51.74 0.03 2.98 0 145.27 199.99  0.99 323.36 44.77
max 117.41 8.95 46.81 6.29 215.91 314.41 101.48 534.29 85.19
avg 101.55 173.79 240.08 401.76 129.74 267.79 304.64 481.56 69.34
Fl2 std 15.94 30.33 30.21 69.59 17.31 44.78 57.58 74.2 13.81
min  67.66 120.35 191.03 275.6 99.62 201.98 216.03 334.3 45.11
max 129.34 227.9 326.35 527.32 166.36 371.12 418.94 609.9 94.79
avg 332.48 340.26 481.26 678.58 321.65 539 627.26 823.54 195.85
F13 std 60.64 55.54 65.64 86.66 48.9 73.67 60.49 88.07 30.39
min 191.26 201.98 373.42 521.59 236.1 414.45 520.06 649 150.35
max 465.21 427.66 604.37 845.26 423.94 694.15 719.86 1.00e3 278.19
avg 3.72e3 691.09 4.28e3  65.19 8.89e3 9.92e3 23.82 8.98e3 6.38e3
Fl4 std  1.12e3 397.26 2.11e3 52.3 775.67 842.39 48.62 989.33 1.55e3
min 1.69e3 34.69 1.45e3 33.48 7.76e3 8.27e3  0.09 6.81e3 4091.5
max 5.76e3 1.24e3 9.26e3 207.11 1.02e4 1.17e4 118.63 1.08e4 1.04e4
avg 1.55e4 1.55e4 1.41e4 1.43e4 1.19e4 1.26e4 1.40e4 1.54e4 9.01e3
Fi5 std  2.23e3 1.07e3 983.62 1.00e3 976.55 1.22e3 636.16 1.12e3 1.38e3
min 1.16e4 1.37e4 1.19e4 1.21e4 1.04e4 1.06e4 1.26e4 1.27e4 7.25e3
max 2.09e4 1.88e4 1.63e4 1.59e4 1.45e4 1.46e4 15169 1.73e4 1.20e4
avg 3.91  2.49 1.4 2.05 1.24 1.85 1.75 1.9 223
F16 std 0.24 0.33 0.3 0.34 0.28 0.96 0.17 0.56 0.91
min 3.27 1.79 0.86 1.35 0.84 0.65 1.45 1.13 1.31
max 4.25 3.02  2.02 2.59 1.71 3.61 2.09 3.63 4.02
avg 143.66 149.41 278.69 140.3 258.66 288.81 101.6 568.24 168.89
P17 std 20.64 10.31 80.98 15.93 50.16 31.88 0.16 48.72 11.59
min  122.3 134.02 162.93 115.9 181.45 235.58 101.56 488.26 146
max 197.44 175.45 397.55 189.29 395.77 369.48 102.26 667.86 193.36
avg 708.18 489.26 297.37 389.94 327.92 267.73 438.51 697.32 197.94
F18 std 134.72 40.83 36.73 48.58 24.41 26.72 40.15 77.16 22.28
min 408.65 398.48 231.07 293.9 291.71 217.86 380.98 560.81 164.08
max 871.65 563.67 372.71  491.3 402.71 314.67 514.72 846.59 241.3
avg 8.47 9.28 18.43 11.11 17.74 14.32 10.02 147.39 11.66
F19 std 0.79 0.9 9.43 2.04 4.17 2.33 1.69 39.54 1.51
min 7.07 8.1 7.87 8.45 12.89 9.88 7.38 76.44 9.03
max 10.15 11.45 43.03 17.04 28.53 20.07 12.66 247.76 13.93
avg  49.94 50 50 50 50 49.93 50 50 47.84
F20 std 0.16 0 0 0.02 0 0.18 0 0 4.6
min  49.51 50 50 49.93 50 49.51 50 50 36.43
max 50 50 50 50 50 50 50 50 50
avg 400.05 350 345 370 401.24 400 390 335.01 400
F21 std 0.2 51.3 51.04 47.02 40.54 0 30.78 48.94 0
min 400 300 300 300 326.09 400 300 300 400
max 400.91 400 400 400 426.62 400 400 400.12 400
avg 3.69e3 554 4.37e3 155.91 1.05e4 1.36e4 54.11 9.16e3 5.52e3
F22 std 1.04e3 292.52 2.68e3 92.9 1.11e3 1.77e3 49.89 832.2 1.48e3
min 2.23e3 79.31 1.50e3 55.06 8.64e3 1.11e4 13.52 7.75e3 3.00e3
max 5.93e3 1077 1.24e4 371.96 1.29e4 1.66e4 121.21 1.07e4 9.30e3
avg 1.57ed 1.64e4 1.63ed4 2.07ed 1.44e4 1.57ed 1.79e4 1.59e4 9.10e3
F23 std  2.01e3 1.19e3 1.23e3 1.94e3 1.50e3 1.82e3 1.71e3 1483 1.54e3
min 1.27e4 1.44e4 1.43e4 1.70e4 1.11e4 1.22e4 1.53e4 1.33e4 6.40e3
max 2.03e4 1.84e4 1.80e4 2.36e4 1.70e4 1.84e4 2.26e4 1.88e4 1.22e4
avg 396.96 305 333.78  505.7 245.38 269.58 452.57 455.25 241.67
Fo4 std 29.59 24.53 17.33 20.61 14.72 11.16 32.83 25.97 23.5
min 341.21 266.01 299.47 461.62 217.25 251.26 412.07 395.97 179.72
max 445.72 345.58 373.92 535.64 276.93 293.79 539.26 494.66 284.71
avg 479.68 505.53 463.01 644.75 447.73 411.32 510.62 599.99 390.33
std 26.43 51.98 19.66 23.14 12.88 115.05 40.42 26 11.69
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Function Stat.

E-AHPSO
BFLPSO
CoDE

HCL-DMS-PSO
HIDMS-PSO

o
n
2y
<3

L-SHADE

MTDE
TLSPSO

min 435.18 437.63 410.31  589.3 418.94 216.31 471.57 549.59 369.42
max 552.17 576.82 501.69 681 473.98 503.96 639.69 641.93 412.87
avg 468.11 444.33 465.76 333.27 388.11 404.34 636.47 601 353.89
F26 std 14.79 46.81 20.82 186.23 20.36 11.93 19.59 23.76 46.46
min  442.4 407.61 421.74 200.09 349.39 390.43 576.92 557.99 178.84
max 496.99 581.17 499.25 597.94 428.55 428.79 657.47 636.95 387.33
avg 1980.6 2141.5 2.04e3 3.37e3 1.18e3 1.18e3 3.48e3 3.31e3 773.93
Fo7 std  324.98 496.22 226.16 203.12 322.03 88.14 488.68 202.96 315.36
min 1.29e3 1.66e3 1.68e3 2920.7 621.23 1.02e3 2.43e3 2.94e3 398.74
max 2.36e3 3.31e3 2.40e3 3.73e3 1.67e3 1347 3.96e3 3.65e3 1.32e3
avg 2.95e3 3.59e3 3.31e3 4.09e3 3.14e3 2.57e3 3.85e3 5876.2 3.46e3
Fa28 std  776.27 1.09e3 1.05e3 957.43 983.8 23.88 1.16e3 1.99e3 1.09e3
min 2.59e3 2.50e3 2.55e3 3.22e3 2.49e3 2542.8 2.79e3 3.57e3 2.48e3
max 4.78e3 4.70e3 4.98e3 6.06e3 4.66e3 2.61e3 5.64e3 9.83e3 4.68e3
Table 6: Statistical performance results on CEC14 10D benchmark functions.
o
n
53
0
i g 2 0§ 2 2
= 5 8 ¢ 3 z i &8 §
< < Q o O a n = 3
Function Statistic M M O & T T A = B
avg 2.64e4 2.17e4 0 1.66e3 1.62e4 1.17e4 0 0 4.24e3
F1 std 3.15e4 2.13e4 0 1.43e3 1.18e4 2.17e4 0 0 6.22e3
min 297.38 644.47 0 154.76 1.62e3 49.57 0 0 29.36
max 1.01e5 8.53e4 0 5852 3.95e4 9.00e4 0 0 2.65e4
avg 592.37 653.39 0 482.4 745.7 383.43 0 0 1.06e3
F2 std 540.69 761.22 0 664.68 738.91 534.21 0 0 2.00e3
min 0.27  0.06 0 0.05 33.96 11.71 0 0 0
max 1.82e3 2.41e3 0 2.57e3 2284.3 2.29e3 0 0 8936.8
avg 34.3 276.99 0 24.17 148.88 81.96 0 0 23.88
F3 std 62.13 459.48 0 44.2 243.53 140.38 0 0 35.57
min 0.01 0.35 0 0.03 222 0.83 0 0 0.77
max 240.1 1.95e3 0 144.28 953.1 598.12 0 0116.35
avg 4.96 13.7 7.39 0.28 18.42 2I.37 28.04 1.08 34.78
P4 std 1.89 13.66 14.11 0.96 16.85 16.9 13.86 1.93 0
min 0.25 0.4 0 0 0.12 0.15 0 0 34.78
max 6.38 34.78 34.78 4.34 34.78 34.78 34.78 4.34 34.78
avg 18.15 16.86 20.98 16.2 18.01 20.05 20.01 20.12 20.29
5 std 5.78 6.67 0.39 8.11 6.16 0.1 0 0.03 0.1
min 0 0 20.09 0 0 20 20 20.06 20.11
max 20.09 20.22 21.57 20.23 20.02 20.36 20.01 20.19 20.48
avg 0.04 0 0 0.7 0.02 0 0.21 0.9 0
F6 std 0.08 0 0.01 0.61 0.01 0.01 0.35 0.24 0
min 0 0 0 0 0.01 0 0 0 0
max 0.35 0O 0.06 1.88 0.04 0.02 1.14 1.35 0
avg 0.02 0.02 0.03 0.08 0.04 0.13 0.02 0.05 0.04
F7 std 0.02 0.02 0.02 0.04 0.02 0.06 0.02 0.02 0.02
min 0 0 0.01 0.01 0.01 0.02 0 0.01 0
max 0.06 0.06 0.08 0.18 0.1 0.26 0.07 0.11 0.09
avg 2.44 0 0 0 254 6.02 0 0 2.24
F8 std 1.63 0 0 0 0.99 2.05 0 0 1.36
min 0 0 0 0 0 2098 0 0 0
max 6.96 0 0 0 3.98 9.95 0 0 4.97
avg 3.63 1.93 7.56 6.4 378 6.27 3.73 6.91 3.78
F9 std 1.34 1.31 10.36 1.98 1.53 2.37 1.16 3.19 1.43
min 0.99 0 099 298 099 1.99 1.99 1.99 0
max 5.97 3.75 35.67 10.25 5.97 11.94 5.97 12.93 5.97
avg 196.89 1.69 0.02 2.38 39.21 293.89 0.04 4.34 250.85
F10 std 87.79 2,55 0.03 3.01 62.96 157.37 0.05 6.01 46.63
min 11.83 0.12 0 0.19 0.31 6.83 0 0.06 125.39
max 366.21 10.24 0.06 10.24 224.04 548.17 0.12 21.82 362.14
avg 179.39  29.6 796.01 201.83 85 276.42 145.78 156.72 111.81
Fi1 std 88.6 28.99 991.61 140.71 98.11 190.49 110.14 125.28 112.91
min 11.77 3.51 7.02 11.95 0.38 11.89 10.29 10.12 11.83
max 350.64 126.73 3.80e3 491.18 265.65 667.32 347.63 458.89 370.37
avg 0.18 0.33 3.97 0.24 0.11 0.19 0.07 0.17 0.1
F12 std 0.1 0.08 3.72 0.12 0.06 0.17 0.02 0.12 0.07
min 0.06 0.21 0.07 0.07 0.04 0.01 0.04 0.02 0.01
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0
502
w0
: g 2 0§ 2 2
= 5 8 ¢ 3 z i &8 §
< < Q o O a n = 3
Function Statistic M [ O &) T = A = =
max 0.5 0.54 13.1 0.57 0.24 0.68 0.1 0.47 0.24
avg 0.06 0.07 0.69 0.12 0.06 0.06 0.1 0.1 0.09
F13  std 0.02 0.02 0.38 0.04 0.02 0.03 0.03 0.03 0.03
min 0.03 0.03 0.15 0.06 0.02 0.01 0.05 0.04 0.05
max 0.09 0.1 1.21 0.19 0.09 0.13 0.15 0.16 0.14
avg 0.08 0.08 2.22 0.11 0.1 0.1 0.12 0.1 0.05
Fl4 std 0.03 0.02 2.09 0.04 0.03 0.05 0.04 0.03 0.02
min 0.04 0.05 0.12 0.02 0.03 0.02 0.06 0.03 0.03
max 0.17 0.14 7.56 0.18 0.14 0.22 0.23 0.16 0.09
avg 0.65 0.78 2.39 0.8 0.62 0.8 0.42 0.61 0.73
F15 stfi 0.15 0.14 3.09 0.23 0.13 0.32 0.1 0.21 0.21
min 0.28 0.54 0.4 0.24 0.33 0.17 0.2 0.31 0.35
max 0.78 1.04 12.15 1.18 0.83 1.31 0.69 1.13 1.12
avg 1.57 0.73 4.03 1.55 0.97 2.01 1.75 1.38 1.55
F16 std 0.51 0.55 1.03 0.49 0.45 0.42 0.33 0.45 0.87
min 0.75 0.26 0.67 0.88 0.4 1.3 1.23 0.44 0.21
max 2.49 2 5.34 2.59 1.8 2.73 2.4 1.99 2.94
avg 685.46 3.61e3 120.41 1.07e3 762.89 800.73 76.3 4.05 726.79
F17 std 472.48 2.78e3 350.55 876.91 370.24 488.94 90.32 6.36 492.16
min 105.34 466.54 0 158.09 236.89 181.39 0 0.21 62.64
max 1.62e3 1.04e4 1270.2 3.36e3 1.68e3 2.34e3 353.49 22.55 2.01e3
avg 2511.4 1361.8 1.34 168.13 1.61e3 3.98e3 1 1.05 2.81e3
F18 std 1.63e3 2.12e3 1.61 197.43 1.71e3 2.31e3 1.23 0.57 1.93e3
min 532.92 58.72 0.06 8.01 25.02 448.43 0.03 0.01 700.59
max 6.15e3 9.08e3 4.94 600.66 6.04e3 8.82e3 5.15 2.14 7.39e3
avg 0.82 0.14 2.14 0.5 0.9 1.5 0.5 0.05 1.02
F19 std 0.46 0.21 1.05 0.4 0.42 0.15 0.56 0.03 0.38
min 0.03 0.02 0.23 0.03 0.27 0.98 0.02 0.01 0.05
max 1.5 0.91 4.3 1.03 1.61 1.66 1.8 0.11 1.5
avg 171.86 230.06 1.33 23.41 277.11 169.75 0.32 0.19 112.36
F20 st_d 351.03 258.41 1.67 19.02 509.96 175.27 0.3 0.26 138.61
min 7.03 11.03 0.01 2.85 13.19 13.43 0.05 0 6.76
max 1.23e3 1.05e3 5.83 72.08 2.21e3 536.03 1.3 1.08 449.27
avg 82.47 275.7 0.75 59.89 151.9 435.14 19.91 0.36 67.22
F21 std 66.69 474.55 0.9 65.99 129.78 217.27 38.25 0.26 75.48
min 17.49 1.57 0.03 0.18 37.65 96.37 0 0 2.03
max 283.28 1.90e3 4.25 193.28 408.41 1.06e3 119.23 0.81 250.82
avg 56.87 1.38 12.93 9.99 9.87 29.1 2.23 0.26 127.33
F22 stfi 48.98 4.44 38.51 9.84 9.74 27.05 6.17 0.25 26.01
min 0.39 0.02 0.2 0.22 0.22 17.35 0.08 0 24.62
max 140.57 20.2 171.66 20.85 20.68 141.02 20.35 0.73 141.44
avg 329.46 319.52 329.46 329.46 329.46 329.46 329.46 329.46 329.46
Foz  Std 0 44.45 0 0 0 0 0 0 0
min 329.46 130.65 329.46 329.46 329.46 329.46 329.46 329.46 329.46
max 329.46 329.46 329.46 329.46 329.46 329.46 329.46 329.46 329.46
avg 108.87 106.78 110.59 114.37 108.84 107.99 111.07 117.61 108.32
Fo24 std 2.38 2.79 3.77 3.68 2.14 4.97 2.48 3.8 3.03
min 105.43 100.02 100 107.18 105.43 100 107.18 110.81 100
max 112.51 112.1 116.8 124.53 111.58 117.1 117.47 123.19 113.25
avg 123.97 170.01 119.33 129.89 129.55 146.44 148.25 170.61 110.37
F25 std 24.03 33.31 19.56 14.35 25.31 22.99 39.29 39.65 15.78
min 100 110.96 108.71 113.35 110.02 118.88 111.5 109.96 100
max 199.04 201.35 201.13 176.72 199.3 199.36 201.52 201.37 152.65
avg 100.06 100.07 100.93 100.11 100.06 100.05 100.09 100.11 100.09
F26 std 0.02 0.02 0.52 0.04 0.02 0.02 0.02 0.03 0.03
min 100.02 100.03 100.1 100.06 100.03 100.01 100.06 100.06 100.05
max 100.1 100.12 102.11 100.2 100.1 100.09 100.14 100.18 100.15
avg 172.38 116.18 85.38 123.37 1.53 63.3 205.91 61.34 300.1
Fo7 std 178.66 171.86 137.99 171.33 0.41 125.45 175.09 146.03 79.29
min 0.71 1.05 2.17 1.01 0.86 1.04 1.14 0.72 1.12
max 400.28 400.3 400.13 400.18 2.61 311.96 400.14 400.17 400.35
avg 326.02 394.15 363.4 394.7 371.8 301.6 422.51 361.23 226.89
F28 std 111.27 50.74 27.06 34.25 28.76 143.33 52.51 6.17 162.25
min 100.13 356.83 356.83 357.02 356.83 100.58 369.37 356.83 100.11
max 515.89 486.36 477.99 496.82 478.06 484.46 487.89 375.62 504.39
avg 343.36 296.58 236.18 283.97 333.44 341.05 8.64e4 215.68 8.66e4
F29 std 57.57 44.6 86.39 56.16 68.92 52.09 3.86e5 21.52 3.86e5
min 219.21 235.12 131.75 213.02 237.61 272.63 131.77 147.99 246.91
max 404.79 388.22 593.02 436.2 517.92 460.99 1.72e6 226.71 1.72e6
avg 885.67 564.56 464.85 676.35 635.66 1.52e3 497.84 485.67 922.27
F30 std 355.86 89.05 1.17 128.92 64.47 330.89 43.99 22.08 388.54
min 447.63 499.17 462.73 523.05 546.2 975.62 454.36 462.52 493.02
max 1.86e3 857.55 467.38 961.47 773.68 2.18e3 594.42 525.03 1.70e3

47



Table 7: Statistical performance results on CEC14 100D benchmark functions.

o
n
502
n
< & & o =z R
< [ 3 2, ) = 0 ) i
Function Stat. & m O & T T A = =
avg 3.19e6 5.37e7 8.82eb 9.83eb5 1.41e7 3.49e6 2.57e5 3.15e6 2.11e6
F1 std  7.59e5 1.34e7 2.21e5 3.04eb5 3.41e6 4.48e5 1.94e5 1.36e6 6.22e5
min 1.76e6 3.09e7 5.02e5 4.78e5 7.80e6 2.82e6 3.41e4 1.31e6 9.56e5
max 5.22e6 8.28e7 1.35e6 1.55e6 2.20e7 4.23e6 1.08e6 6.57e6 3.09¢6
avg 1.14e4 1.80e4 60.33 2.03e4 1.68e4 1.97e4 0 1.45e4 1.59e4
F2 std 6.02e3 1.37e4 132.03 1.50e4 1.42e4 1.16e4 0 1.56e4 1.41e4
min 3.28e3 2.06e3 0.24 175.67 2.02e3 1.94e3 0 282.16 0
max 2.81le4 4.81e4 601.02 6.67e4 4.94e4 4.04e4 0 6.10e4 4.73e4
avg 989.46 117.73 794.14  0.19 2937.5 93.58 0.92 279.86 79.49
F3 std 502.89 123.78 740.09 0.25 1.18e3 48.61 2.94 366.26 60.16
min 131.61 0.91 18.05 0.01 953.02 6.5 0 7.65 4.71
max 1834.5 531.86 2.27e3  0.87 5.90e3 188.74 11.89 1.27e3 249.12
avg 202.72 182.28 141.79 142.92 221.44 229.03 128.56 199.87 219.41
Fa std  63.73 43.06 36.49 51.68 36.75 57.51 46.7 51.77 29.63
min 92.63 144.36 92.21 76.25 144.58 100.9 0.11 92.39 158.45
max 303.19 254.28 245.44 248.79 291.05 295.69 205.38 291.81 256.19
avg 21.09 20.61 20.12 20.1 20.06 20.3 20.04 20.31 20.61
F5 std 0.06 0.06 0.24 0.1 0.08 0.42 0 0.3 0.23
min 20.96 20.48 20 20 20 20 20.03 20 20.32
max 21.17 20.7 20.93 20.3 20.23 21.25 20.04 20.86 21.32
avg 33.74 28.52 32.15 75.68 18.86 25.17 57.99 85.62 2.45
F6 std 3.69 14.63 6.77 6.88 5.04 3.27 6.63 6.73 1.6
min 27.83 15.59 20.42 64.88 10.65 18.62 47.13 71.71 0.23
max 42.11 68.42 43.78 91.45 29.32 31.55 71.41 104.67 5.43
avg 0.01 0 0 0.01 0.01 0 0.01 0.01 0
F7 std 0.02 0 0 0.03 0 0 0.01 0.02 0
min 0 0 0 0 0.01 0 0 0 0
max 0.06 0 0.01 0.12 0.02 0.01 0.06 0.07 0
avg 70.79 9.08 5.52 0.9 184.17 268.19 0.96 194.66 64.08
F8 std 17.15 5.58 2.91 0.92 28.43 22.43 1.91 21.41 8.25
min 50.74 1.22 0 0 142.28 239.78 0 143.27 51.74
max 111.44 21.89 10.94 3.11 264.67 325.35 8.95 227.85 78.6
avg 101.74 174.46 192.67 354.82 155.19 257.99 213.94 271.97 72.59
F9 std 17.62 32.83 36 60.15 22.69 27.67 39.75 47.45 12.05
min 59.7 110.59 131.33 270.63 114.42 199.99 159.2 196.01 57.71
max 141.28 238.23 255.7 498.47 196.01 310.43 317.4 378.08 96.51
avg 3.17e3 363.16 3.17e3 28.53 7.98e3 1.03e4 27.93 7.79e3 4724.7
F10 std 577.33 333.57 2.61e3 48.22 1.16e3 855.68 59.62 799.88 624.14
min 2.12e3 12.97 365.23 3.14 5.23e3 8.68e3  0.02 6.24e3 3.32e3
max 4.26e3 966.04 1.06e4 123.27 9.80e3 1.19¢4 236.98 8.94e3 6.38e3
avg 9.96e3 1.08e4 1.21e4 1.08e4 1.09e4 1.02e4 1.05e4 1.36e4 6.09e3
F11 std  1.29e3 840.76 1.07e3 666.69 677.06 1.25e3 550.4 1.39e3 1.11e3
min 7704.4 9.44e3 9.68e3 9.71e3 9.74e3 7.52e3 9.30e3 1.02e4 3751.6
max 1.19e4 1.25e4 1.37e4 1.22e4 1.23e4 12522 1.12e4 1.57e4 7.88e3
avg 1.74  0.49 0.2 0.21 0.36 1.03 0.18 0.67 0.75
Fl12 std 0.4 0.07 0.11 0.06 0.12 0.96 0.02 0.23 0.35
min 0.68 0.34 0.07 0.13 0.21 0.23 0.15 0.33 0.39
max 2.37 0.59 0.58 0.36 0.64 3.5 0.21 1.06 1.48
avg 0.39 0.28 0.71 0.46 0.38 0.46 0.5 0.44 0.34
F13 std 0.04 0.02 0.45 0.05 0.04 0.06 0.08 0.07 0.03
min 0.34 0.23 0.35 0.38 0.31 0.34 0.38 0.32 0.28
max 0.46  0.33 1.63 0.56 0.44 0.57 0.68 0.55 0.4
avg 0.31 0.31 0.93 0.34 0.26 0.23 0.36 0.31 0.46
Fla  Std 0.02 0.02 1.65 0.03 0.02 0.03 0.11 0.03 0.28
min 0.26 0.27 0.24 0.28 0.23 0.19 0.27 0.25 0.26
max 0.34 0.36 6.19 0.37 0.3 0.29 0.79 0.37 0.98
avg 14.6 31.22 18.61 42.79 22.68 14.68 38.71 133.07 12.67
F15 std 4.84 3.22 3.13 6.69 5.29 2.95 7.47 45.29 1.53
min 9.8 24.05 13.39 29.89 15.84 9.48 23.92 60.01 8.62
max 28.82 37.21 23.88 55.01 31.36 20.84 52.85 246.42 15.13
avg 41.05 39.61 42.14 40.52 40.24 41.91 40.01 43.07 36.65
F16 std 1.46 0.72 0.87 0.75 1.39 1.27 0.72 1.62 1.27
min 38.08 37.99 40.35 38.86 36.5 39.66 38.45 38.67 34.49
max 43.51 40.68 43.63 41.51 42.26 44.39 41.21 44.89 39
avg 5.53eb 2.99e6 1.56e5 1.95e5 1.68e6 4.92eb 3.49e4 4.22e5 4.81ed
F17 std 1.31e5 1.02e6 6.43e4 5.98e4 7.38e5 3.17e¢5 3.16e4 1.02e5 1.19e5
min 2.11e5 1.65e6 6.31e4 9.64e4 8.63e5 2.77eb5 8.15e3 2.08e5 2.85e5
max 8.43e5 5.66e6 2.85e5 3.20e5 4.16e6 1.42e6 1.12e5 5.70e5 6.59e5
avg 773.84 456.29 927.48 690.27 1.36e3 940.2 1.49e3 2.14e3 8.67e3
F18 std 609.2 409.68 1.14e3 314.23 758.92 305.53 1.56e3 1.78e3 6.21e3
min 254.85 67.87 94.49 374.51 535.07 592.85 342.62 308.58 296.88
max 2.29e3 1.23e3 3.84e3 1.75e3 3.11e3 1.57e3 5.54e3 5.99e3 1.70e4
avg 57.89 92.78 86.31 70.71 99.48 79.52 95.26 99.58 97.2
F19
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Function Stat.

BFLPSO
CoDE
EPSO

HCL-DMS-PSO
HIDMS-PSO
L-SHADE
MTDE
TLSPSO

std
min
max

. 10.7  20.8 26.73
48.7 54.27 17.48 31.87
106.08 109.2 106.27 116.59

11.73 20.74 23.81 19.85
65.58 38.2 31.44 60.13 93.55
108.26 127.63 120.63 124.32 104.68

W
|
fant

F20

avg
std
min
max

718.3 1.49e3 1.55e3 516.75
164.44 1187.6 729.97 77.69
363.46 404.85 675.34 363.54
1.03e3 5.52e3 3.68e3 656.86

2.00e3 568.87 6.78e3 781.04 414.77
739.09 73.21 5.30e3 319.79 89.15
807.46 483.8 446.98 327.55 262.22
3.48e3 721.87 2.10e4 1.79e3 538.3

F21

avg
std
min
max

3.25e5 2.48e6 6.16e4 8.05e4
7.85e4 1.32e6 2.90e4 2.84e4
1.77e5 4.72e5 2.65e4 2.41e4
4.68e5 4.64e6 1.21e5 1.39e5

1.32e6 1.99e5 1.77e4 2.12e5 2.48eb
4.45e5 4.66e4 2.91e4 8.04e4 8.02¢4
4.72e5 1.23e5 2.58e3 8.37e4 9.75e4
2.10e6 2.84eb5 1.27eb 3.76e5 4.27e5

F22

avg
std
min
max

1.24e3 1.32e3 1.76e3 1.95e3
296.08 270.96 414.35 345.96

1.18e3 1.17e3 1.67e3 1.82e3 523.69
254.8 328.86 250.39 475.36 252.3

537.95 886.08 866.49 1.20e3 688.17 552.59 1.22e3 915.66 152.71
1.71e3 1.95e3 2.36e3 2.60e3 1.67e3 1.61e3 2.21e3 2.99e3 1.10e3

F23

avg
std
min
max

345.04 348.23 348.23 348.23 348.43 348.23 348.23 348.23 348.23

0 0 0 0 0.13 0 0 0 0
345.04 348.23 348.23 348.23 348.27 348.23 348.23 348.23 348.23
345.05 348.23 348.23 348.23 348.78 348.24 348.23 348.23 348.23

F24

avg
std
min
max

205.87 362.12 378.77 359.36 372.57 370.45 417.77 424.48 371.02

1.92 3.49 4.43 7.53 4.57 4.8 805 7.03 3.59
202.58 357.85 372.62 329.68 364.46 361.9 400.65 412.18 362.83
208.29 369.53 388.17 367.36 383.13 380.2 437.77 435.08 375.42

F25

avg
std
min
max

200 249.88 229.71 255.34 250.03 200 283.49 264.85 240.09

0 3.02 28.47 5.2  4.03 0 12.34 32.21 9.02
200 242.24 200 247.57 239.49 200 242.66 200 228.05
200 255.87 269.21 269.61 257.13 200 300.93 306.92 253.96

F26

avg
std
min
max

200 197.21 195.12 200.18 200.94 200.18 200.09 177.47 200.23

0 22.71 22.29 0.03 0.26 0.05 0.01137.09 0.07
200 100.75 100.44 200.15 200.54 200.14 200.08 100.34 200.13
200 203.14 200.13 200.26 201.75 200.37 200.12 507.64 200.45

F27

avg
std
min
max

1.13e3 652.06 891.66 2.08e3 489.59 584.72 1.59e3 2.23e3 523.79
130.31 189.96 103.35 736.44 65.78 66.58 144.26 138.13 108.49
889.76 457.44 728.91 408.77 386.42 412.09 1.36e3 2.04e3 360.11
1.46e3 1.35e3 1.04e3 2.77e3 618.45 668.88 1.95e3 2.47e3 684.76

F28

avg
std
min
max

2.92e3 2.48e3 2.23e3 5.33e3 3222.2 4.92e3 3.31e3 5.37e3 2.57e3
618.21 312.69 156.4 643.75 957.2 2.01e3 620.37 1.43e3 274.57
2218.8 2.12e3 1.79e3 3.95e3 1.87e3 400 2.47e3 3.64e3 2.11e3
4.31e3 3.14e3 2.44e3 6.33e3 5.63e3 7.81e3 4.76e3 8.14e3 3.34e3

F29

avg
std
min
max

474.45 2.84e3 1.54e3 1.49e3 5.85e3 3.81e3 1.45e3 2.02e3 5.16e3
330.98 407.67 188.86 267.66 1.67e3 824.3 168.14 101.92 3.62e3
262.46 2351.6 1.21e3 1.04e3 2.36e3 2910.5 805.95 1864.3 2.23e3
1.26e3 4.12e3 1.84e3 1.96e3 9553.6 6.24e3 1.77e3 2.18e3 1.46e4

avg
std
min
max

3.63e3 1.60e4 8.02e3 9382.7 1.08e4 1.17e4 9.87e3 2.16e4 7.25e3
516.08 2.69e3 1.05e3 1038 1.26e3 1.16e3 1.26e3 1.04e4 1.08e3
2.50e3 1.12e4 5.61e3 6.61e3 8657.3 9.28e3 6.91e3 1.01e4 5.33e3
4.39e3 2.02e4 9472 1.17e4 1.28e4 1.42e4 1.17e4 4.71le4 9.16e3

Table 8:

Statistical performance results on CEC17 10D benchmark functions.

Function Statistic

E-AHPSO
BFLPSO

CoDE
HCL-DMS-PSO|
HIDMS-PSO
L-SHADE
MTDE
TLSPSO

F1

avg
std
min
max

847.27 1007.1
1.34e3 1.90e3

0.44 0.84
5.38e3 6766.7

2.02 735.92 272.33
4.69 1.14e3 375.21
9.88 10.1 6.76
3.20e3 4.07e3 1.67e3

W)

4e3

—
oo
=
1)
w

75.34
7.13e3

F2

avg
std
min
max

0
0
0
0

F3

avg
std
min
max

0.19
0.07
0.06
0.39

F4

avg
std
min

6.34
2.42
1.99
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Function Statistic & m O & T T A = B
max 6.96  3.52 44.26 13.93 5.97 11.94 7.96 12.93 6.96
avg 0 0 0 0 0 0 0 0 0
F5 std 0 0 0 0 0 0 0 0 0
min 0 0 0 0 0 0 0 0 0
max 0.01 0 0 0 0 0 0 0 0
avg 12.98 14.53 30.45 19.09 13.86 17.94 14.02 10.55 14.19
F6 std 1.27 1.32 25.27 295 0.92 3.68 1.06 5.23 1.57
min 10.9 12.33 11.76 13.75 12.07 11.86 11.86 1.99 12.11
max 15.64 17.26 89.33 25.67 15.33 27.12 16.01 17.32 16.92
avg 3.85 1.5 8.8 6.61 4.23 512 423 T7.I11 279
7 std 1.05 0.98 10.93 2.08 1.2 2.38 1.11 2.69 1.43
min 1.99 0.01 099 298 1.99 0.99 1.99 1.99 0
max 5.97 3.65 35.46 10.94 6.96 9.95 6.97 10.94 4.97
avg 0 0 0 0 0 0 0 0 0
F8 std 0 0 0 0 0 0 0 0 0
min 0 0 0 0 0 0 0 0 0
max 0 0 0 0 0 0 0 0 0
avg 250.91 15.53 903.02 203.72 165.78 500.05 136.17 119.83 269.26
F9 std 202.94 32.8 1.08e3 125.83 151.5 211.88 108.98 81.74 146.4
min 0.37 1.47 0.44 3.73 0.25 125.21 3.74 18.6 3.73
max 694.55 150.59 3.22e3 545.09 438.71 853.18 347.95 312.7 544.81
avg 2.44 1.86 0.1 3.18 2.6 4.63 1.06 1.44 0.61
F10 st@ 1.49 0.87 0.31 1.59 1 275 129 0.99 0.75
min 1.02 0.35 0 1 0.38 0.17 0 0 0
max 6.06 3.38 0.99 6.69 4.06 11.11 3.7 3.98 2.01
avg 1.05e4 9.34e3 40.46 9.55e3 7.48e3 7.83e3 317.18 52.31 8.20e3
F11 std 9.71e3 6.86e3 130.25 1.02e4 4.00e3 2.93e3 211.31 64.78 5.17e3
min 531.84 3.26e3 0963.21 1.11e3 2.98e3 11.59 0 2.29e3
max 4.45e4 2.48e4 543.15 4.03e4 1.64e4 1.26e4 917.65 157.45 2.01e4
avg 3.73e3 1.19e3  2.22°901.87 1.70e3 4.70e3  5.75  2.73 4.35e3
F12 std 2.32e3 1.32e3  4.21 1.74e3 1.37e3 3.13e3 2.6 1.96 2.44e3
min 537.07 23.49 0 13.21 127.47 598.02 0 0.99 1.81e3
max 8.00e3 4690 16.75 7.50e3 5.59e3 1.24e4  9.05 6.14 1.00e4
avg 29.92  58.9 0 29.58 28.12 55.47 6.04 0.95 37.78
F13 std 11.44 93.34 0 17.83 12.85 53.2 8.76 0.76 12.85
min 9.57 0.06 0 6.08 549 23.28 0 0 12.97
max 46.14 420.37 0 87.13 49.04 241.44 21.82 1.99 65.95
avg 19.81119.25 0.05 14.56 50.37 86.3 0.26 0.77 51.38
Fl4 stfi 25.28 226.98 0.07 9.68 37.82 64.98 0.35 0.6 34.33
min 3.37 2.63 0 3.3 12.94 18.5 0 0 17.44
max 120.31 784.93 0.33 35.11 131.72 260.95 1.49 2.18 147.06
avg 38.52 0.8 17.1 0.67 1.29 9.69 0.69 0.37 180.49
F15 St('i 55.32  0.35 45.99 0.27 0.47 26.41 0.41 0.29 99.77
min 0.66 0.11 0.27 0.03 0.43 1.48 0.09 0.01 0.44
max 121.52 1.34161.94 1.11 2.14 121.76  2.07 1373.31
avg 19.07 0.86 76.16 7.4 9.54 27.82 0.35 0.98 31.78
F16 std 11.61 0.61 115.06 6.86 8.18 5.79 0.3 0.65 13.66
min 2.43 0.31 0.64 0.19 1.4 14.68 0 0 6.09
max 41.86  2.13 447.69 25.61 25.34 46.28 1.19 2.32 48.19
avg 1.66e3 735.54 0.1 1.37e3 1061.2 3.60e3 10.45 0.26 7.33e3
F17 std 2.00e3 596.39  0.12 1.49e3 893.3 2.08e3 10.41 0.19 6.89e3
min 57.94 30.17 0 38.28 141.05 360.6 0.01 0 442.13
max 6731.7 2.21e3  0.41 5.85e3 2712.5 7.53e3 24.04 0.49 2.39e4
avg 28.65 259.85 0.93 7.49 77.48 153.82 0.3 0.01 70.91
F18 std 66.31 510.74 1.83 9.16 236 233.21 0.7 0.01 130.47
min 1.28 2.8 0 1.27 223 7.11 0 0 3.55
max 295.91 2308.1  6.71 43.03 1.08e3 950.55 2.5 0.02 492.56
avg 15.79  0.26 0 1.08 4.38 2452 0.11 0.32114.22
F19 st@ 9.99 0.18 0 1.25 7.35 821 0.15 0.3 46.74
min 1.31 0 0 0 0 0.99 0 0 1.99
max 27.96  0.62 0 5.29 21.67 36.52 0.31 1.31 149.65
avg 147.87 146.05 153.44 149.25 142.07 132.34 171.37 154.37 178.04
F20 std 53.29 40.32 54.84 55.92 52.74 50.72 49.78 55.82 45.86
min 100 100 100 100 100 100 100 100 100
max 206.48 204.36 210.89 218.49 207.35 214.78 209.68 213.06 206.41
avg 100.45 99.06 95.32 77.96 96.59 92.57 96.16 73.07 100.46
F21 std 0.44 3.33 22.44 33.73 17.37 27.51 18.91 43.67 0.35
min 100 88.42 0 11.56 22.79 0 15.83 0 100
max 101.73 100.7 100.98 102.94 101.07 102.11 101.03 101.68 101.1
avg 307.16 302.46 304.32 308.26 305.05 309.29 305.89 307.78 306.2
F22 std 2.13 1.91 2.19 2.17 1.88 3.88 1.97 2.82 2.13
min 303.88 300 300 305.08 300 304.83 300 304.34 303.83
max 313.12 305.01 307.31 312.58 308.62 319.86 309.39 315.98 311.54
avg 193.28 276.73 300.11 247.65 285.16 191.63 322.48 327.3 238.48
F23 std 117.21 77.06 86.32 117.51 95 107.27 52.42 53.66 116.02
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Function Statistic M [ O &) T = A = =
min 100 147.92 100 13.23 100 100 100 100 100
max 337.43 333.8 341.7 347.86 335.42 332.23 337.16 347.12 336.19
avg 407.52 415.59 397.9 401.53 410.01 413.93 423.63 398.05 404.74
F24 std 18.48 20.71 0.15 10.14 20.4 22.2 23.67 0.11 16.66
min 397.74 397.74 397.74 397.76 397.74 397.74 397.74 397.74 397.74
max 443.73 446.13 398.09 444.36 445.94 443.43 445.83 398.21 443.42
avg 275 300 300 229.38 300 290.78 300 300 275
F25 stfi 44.43 0 0 120.65 0 28.5 0 0 44.43
min 200 300 300 0.02 300 200 300 300 200
max 300 300 300 300 300 300 300 300 300
avg 384.85 390.97 388.51 393.37 393.71 390.28 389.53 390.36 392.34
F26 std 6.05 2.93 0.89 3.31 1.65 0.91 0.17 2.07 3.23
min 374.21 386.93 386.89 387.3 388.87 389.52 389.01 387.32 389.64
max 390.26 395.07 389.52 398.68 395.01 393.06 389.95 394.23 398.57
avg 310.08 357.24 300 314.19 300 314.19 413.52 300 493.1
For std 122.51 82.52 0 63.45 0 63.44 148.6 0 135.35
min 0 300 300 300 300 300 300 300 300
max 488.83 583.73 300 583.75 300 583.73 611.82 300 611.89
avg 255.56 248.72 390.01 254.61 248.79 264.05 244.43 234.12 250.51
Fos8 std 9.49 8.35 184.93 10.48 7.45 13.42 9.08 3.39 9.88
min 238.98 235.68 230.09 237.4 237.57 244.16 234.67 229.11 238.03
max 269.91 268.39 914.54 276.93 269.86 287.49 267.36 240.32 274.2
avg 5.91e3 5.16e4 397.89 2.91e3 4.06e3 4.28e3 1.23e5 438.6 2.31e3
F29 std 4.79e3 2.00e5 4.72 3.06e3 2.69e3 2.71e3 2.99e5 67.75 936.36
min 1.31e3 1.51e3 394.87 777.46 759.98 1.96e3 394.5 394.58 811.85
max 1.74e4 8.99e5 410.8 1.34e4 1.13e4 1.21e4 8.18e5 602 4.12e3

Table 9: Statistical performance results on CEC17 100D benchmark functions.

o
n
52
n
o o €3] o g = é E A
< " 3 & O a 7 e 3
Function Stat. H M O <2 Jeut Jout =) = =
avg 4.04e3 3.20e3 1.40e3 4.85e3 8.25e3 8.98e3 0 6.28e3 5.17e3
F1 std  3.18e3 3.99e3 2.47e3 4.91e3 8.04e3 1.35e4 0 6.80e3 5.79e3
min 85.81 7.23 1.62 12.3 1.64e3 13.07 0 17.38 3.47
max 1.08e4 1.23e4 1.04e4 1.76e4 2.33e4 5.47e4 0 2.51e4 1.94e4
avg 1.70e4 5.70e4  0.94 6.07e4 1.17e5 7.59e3 1.32e5 0.08 1.85e4
F2 std  4.70e3 9.59e3  1.15 1.62e4 1.89e4 2.93e3 1.07e5 0.11 4.14e3
min 1.20e4 4.08e4  0.04 3.18e4 9.43e4 4.27e3 0 0 1.06e4
max 2.59e4 7.64e4  3.82 9.26e4 1.67e5 1.45e4 4.89e5  0.47 2.68e4
avg 208.47 216.85 151.23 207.2 245.9 225.38 130.57 248.06 235.09
F3 std 38.69 23.79 43.37 61.69 37.38 12.18 47.18 62.92 11.65
min 138.28 197.36 72.44 78.02 193.06 197.36 53.97 79.56 224.36
max 248.9 281.91 214.3 305.89 310.23 254.06 226.35 358.19 273.02
avg 101.09 164.27 197 321.25 152.73 200.27 222.59 272.17 66.67
F4 std 18.1 34.05 38.23 59.3 19.42 49.51 23.61 41.23 7.88
min  65.67 98.71 128.35 208.94 115.42 100.18 178.11 213.92 56.71
max 145.26 218.99 257.69 455.69 182.09 303.46 275.61 387.04 87.56
avg 0.31 0 0 0 0.06 0.88 1.57 15.22 0
F5 std 0.19 0 0 0 0.02 0.41 1.18 2.88 0
min 0.09 0 0 0 0.03 0.35 0.16 9.29 0
max 0.9 0 0 0 0.14 1.98 4.35 19.38 0.02
avg 211.83 326.99 315.89 493.38 225.77 371.09 416.6 786.86 181.8
F6 std 16.23 33.51 44.02 86.56 17.81 37.96 40.09 109.85 16.14
min 189.43 273.03 259.45 356.71 192.86 295.35 343.4 586.79 150.79
max 248.4 404.36 411.42 674.9 259.21 468.1 504.16 953.95 210.01
avg  97.66 164.29 191.88 379.99 164.26 187.53 232.06 286.95 67.71
F7 std 16.98 30.98 28.08 71.07 20.33 35.79 33.58 36.76 9.97
min  69.65 121.53 145.26 278.59 124.37 128.78 157.21 243.76 50.74
max 140.29 257.35 258.69 564.32 198.73 252.72 290.54 397.98 85.57
avg 99.39 3.42 165.56 2.50e3 1.37 84.94 1.88e3 4.71e3 0.84
F8 std 35.95 1.78 165.67 1.58e3  0.96 35.04 744.72 803.51 0.67
min 48.62 0.27 8.99461.86 0.11 35.53 708.18 2.70e3 0
max 151.04 7.26 650.37 6.77e3  3.36 157.04 3.50e3 5828.2  2.18
avg 1.08e4 1.00e4 1.17e4 1.2Te4 1.08e4 1.14e4 1.00e4 1.33e4 6.49e3
Fo9 std 1.14e3 707.58 1.28e3 1628.1 881.2 1.06e3 487.39 1.09e3 1.30e3
min 9.19e3 8723.5 9.56e3 9.12e3 9.08e3 9.10e3 9.21e3 1.10e4 4.74e3
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Table 9: Statistical performance results on CEC17 100D benchmark functions (continued).

Function Stat.

E-AHPSO
BFLPSO

HCL-DMS-PSO

CoDE
EPSO

HIDMS-PSO
L-SHADE
TLSPSO

MTDE

max

1.27e4 1.13e4

1.47e4 1.53e4 1.25e4

1.33e4 1.10e4 1.59e4 9.09e3

F10

avg
std
min

798.52 340.76
122.56 64.73
638.59 227.77

163.18 700.59 761.34
47.51 209.59 95.26
81.53 315.76 607.53

1015.6 1199.4 691.22 557.47
131.38 283.81 155.65 102.89
814.3 643.62 433.56 401.25

1011.3 512.58 249.53 1140.8 935.41
9.59e5 6.15e6 2.03e5 6.03e5 1.30e7
4.68e5 3.18e6 8.78e4 4.71e5 5.12e6
3.19e5 2.05e6 7.82e4 1.93e5 3.00e6
1.96e6 1.47e7 3.60e5 2.41e6 2.37e7
4.80e3 2.64e3 2.04e3 2.12e3 9.52e3 1.89e4 5.30e3 3.69e3 1.73e4
2.38e3 2.10e3 1.75e3 1.86e3 3.26e3 1.09e4 6.19e3 3.14e3 1.54e4
1.83e3 70.99 156.52 150.65 4.15e3 6390.4 588.4 659.56 202.49
1.05e4 7.06e3 6.14e3 5.82e3 1.71e4 4.25e4 2.34e4 1.49e4 3.54e4
1.19e5 9.49e5 9.25e3 2.54e5 4.26e5 1.32e5 4513.7 2.25e4 6.69e4
3.75e4 3.77e5 7.66e3 1.14e5 2.35e5 7.82e4 1.56e4 1.32e4 2.24e4
5.91e4 3.34e5 1.84e3 1.10e5 1.08e5 4.44e4 406.64 3.45e3 2.28e4
1.78e5 1.73e6 3.10e4 5.09e5 9.13e5 3.22e5 7.06e4 4.74e4 1.23e5
674.1 1.42e3 2.17e3 871.2 3.23e3 5.83e3 419.06 5.20e3 6874.8
507.3 1.10e3 2.24e3 445.42 2.71e3 6.83e3 84.04 5.79e3 1.05e4
269.83 139.28 136.19 307.57 543.37 1.15e3 263.66 208.96 226.92
2.11e3 4.26e3 6.32e3 2.01e3 1.03e4 2.70e4 582.33 2.19e4 2.73e4
2.15e3 2.30e3 3.08e3 3.16e3 2.34e3 2.16e3 2.77e3 2.98e3 929.58
610.92 457.17 499.63 376.26 598.06 602.97 308.95 544.86 458.46
779.9 1.27e3 2.23e3 2.37e3 953.91 1.31e3 2.05e3 2.26e3 216.22
3.02e3 2.94e3 3.88e3 3.76e3 3.34e3 3.32e3 3.27e3 4.43e3 1.80e3
1881.3 1.62e3 1.75e3 2.53e3 1.75e3 1.63e3 2.19e3 2.34e3 845.37
434.84 214.26 331.62 477.65 299.83 372.03 285.78 365.96 332.95
1.20e3 1.17e3 1.04e3 1.37e3 1.36e3 1.08e3 1.50e3 1.65e3 369.71
2.81e3 1.93e3 2.17e3 3.18e3 2.55e3 2.54e3 2575.7 2.92e3 1.46e3
3.28e5 1.07e6 5.19e4 4.53eb5 8.37ed 2.38e5 1.00eb5 3.74e4 1.69e5
8.74e4 5.43e5 2.23e4 2.46e5 2.69e5 1.02e5 6.58e4 1.76e4 8.28e4
1.89e5 4.14e5 1.98e4 1.64e5 3.05e5 1.02e5 669.21 1.28e4 8.12e4
5.08e5 2.57e6 8.73e4 9.56e5 1.55e6 4.76e5 2.34e5 7.18e4 3.37e5
969.08 758.82 2.32e3 668.24 2.07e3 8.77e3 2.51e3 2.10e3 2.54e4
831.42 1.37e3 2.99e3 521.12 2.55e3 1.04e4 4.38e3 3.06e3 1.78e4
206.55 56.35 95.91 252.81 344.29 1.06e3 183.51 164.76 282.79
2.85e3 5911.7 1.21e4 2.42e3 9.87e3 3.99e4 1.69e4 1.35e4 3.95e4
1.68e3 1.59e3 1.73e3 2.66e3 1.66e3 2.05e3 1.96e3 2.50e3 832.48
155.25 247.85 419.33 312.69 224.28 365.94 276.99 503.37 254.28
1.31e3 1.18e3 982.51 1.87e3 1.32e3 1.50e3 1410.1 1.58e3 506.62
1.92e3 2.05e3 2.64e3 3.16e3 2.17e3 2849.4 2.61e3 3.46e3 1.37e3
331.82 399.26 408.9 587.98 390.66 426.23 462.34 508.77 300.79
18.95 19.41 28.74 44.88 18.96 31.28 33.46 31.76 11.72
297.69 364.79 335.9 515.9 358.95 346.49 397.29 454.43 281.62
361.89 429.29 456.07 679.46 430.8 496.12 522.15 573.01 325.7
101.29 1.14e4 1.27e4 1.30e4 9.93e3 1.09e4 1.13e4 1.40e4 106.39
2.11 754.62 1.41e3 1.68e3 5.10e3 4.85e3 710.84 1.61e3 28.58
100 1.02e4 9.85e3 9.26e3 100.19 100 9.84e3 1.12e4 100
105.93 1.26e4 1.55e4 1.61e4 1.38e4 1.52e4 1.24e4 1.72e4 227.81
662.06 641.56 680.56 852.72 772.39 690.42 716.88 849.5 627.57
18.18 22.39 33.17 36.8 45.01 27.22 36.26 33.54 21.74
632.49 598.99 609.08 799.91 715.16 631.88 665.4 777.59 597.68
700.65 675.05 735.46 934.69 863.15 753.93 780.15 913.06 669.36
995.96 1.05e3 1.05e3 1.39e3 1.05e3 1.05e3 1.16e3 1.30e3 963.51
24.8 20.97 37.87 54.25 21.2 37.96 43.46 71.51 19.44
951.9 1.01e3 1.00e3 1.28e3 1.02e3 995.29 1.09e3 1.16e3 927.27
1.04e3 1.09e3 1.14e3 1.51e3 1.09e3 1.11e3 1.22e3 1.40e3 999.24
728.29 780.09 749.6 791.06 789.26 713.66 755.2 801.41 744.89
50.85 48.05 42.07 66.21 45.34 61.65 80.66 70.12 46.19
660.82 639.99 659.01 676.14 692.41 601.73 590.14 637.69 647.25
850.9 830.84 822.93 899.63 849.28 805.54 880.97 950.96 819.98
1.37e3 4850.3 4.79e3 7.84e3 4.64e3 5128.4 5.96e3 7.59e3 2.74e3
1.67e3 308.19 300.98 674.98 318.25 416.96 514.39 691.35 1.46e3
300 4.06e3 4.28e3 6.69e3 4.07e3 4.60e3 5.28e3 6.21e3 582.18
4.10e3 5.21e3 5.36e3 8973.9 5.05e3 5.97e3 7.54e3 8.76e3 3.99e3
646.05 654.93 654.33 855.04 700.72 632.74 764.39 992.28 588.91
31.03 22 28.2 46.41 46.46 18.9 60.6 118.87 21.09
581.28 618.85 607.24 744.23 646.1 593.11 660.64 701.8 554.5
701.15 692.74 702.97 943.93 804.1 677.95 901.52 1.19e3 638.85
543.26 571.14 547.07 554.9 585.84 535.32 541.13 578.8 562.57
17.37 31.41 36.84 26.21 34.21 14.49 38.85 31.35 21.04
518.76 526.64 486.68 497.04 529.91 508.38 479.81 548.56 533.85
576.95 665.04 636.17 609 665.84 565.45 636.17 672.64 612.58

1.23e3 1.71e3 993.94 763.78
6.65e6 7.83e4 8.77e5 6.65e5
3.90e6 7.85e4 3.32e5 2.67eb
1.37e6 1.06e4 3.92e5 2.46e5
2.0le7 2.69e5 1.81e6 1.24e6
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Table 9: Statistical performance results on CEC17 100D benchmark functions (continued).

E-AHPSO
BFLPSO

CoDE

EPSO
HCL-DMS-PSO|
HIDMS-PSO
L-SHADE
MTDE
TLSPSO

Function Stat.
avg 1.94e3 1.88e3 2.04e3 3021.4 2.09e3 2.40e3 2.47e3 3.14e3 1.52e3
std  358.94 298.46 388.09 409.14 367.91 498.95 370.31 467.86 306.26
min 1.32e3 1.35e3 1.28e3 2.27e3 1417.9 1.50e3 1.62e3 2.16e3 1.11e3
max 3028.1 2.27e3 2.54e3 3.64e3 2.84e3 3.29e3 3.06e3 3.80e3 2.19e3
avg 2.67e3 7.92e3 3.02e3 6.15e3 5.40e4 3.74e4 3.10e3 7.14e3 1.21e4
std  2.19e3 2.94e3 966.9 2.37e3 1.91e4 2.08e4 454.56 3.07e3 5.67e3
min 778.08 3.36e3 2.38e3 2797.1 2.94e4 1.60e4 2348.5 3.70e3 3.30e3
max 9.07e3 1.32e4 6.17e3 1.14e4 9.69e4 8.15e4 4.31e3 1.40e4 1.81e4

F28

F29

6. Analysis of EEAHPSO

In this section, we observe and compare the convergence behaviour, pat-
tern of population diversity depletion, consistency of the discovered solution
and time complexity of the proposed algorithm against the top-performing
comparator algorithms and the constituent algorithms adopted in the pro-
posed ensemble algorithm (AHPSO, MaPSO, HPSO-TVAC). In addition, a
substitution experiment was conducted in which AHPSO was replaced with
several comparable algorithms to identify, analyse, and compare its contri-
bution in the ensemble.

6.1. Convergence Analysis

Figures 16-17 display the convergence rate comparison of the proposed
algorithm (E-AHPSO) against L-SHADE, HIDMS-PSO, TLSPSO, AHPSO,
EPSO and HCL-DMS-PSO on selected 100-dimensional multimodal, hybrid,
and composition CEC’14 and CEC’17 problems. E-AHPSO consistently con-
verges faster than, or is on par with, these high-performing comparative
algorithms. The 18 problems selected are the most complex instances of
100-dimensional problems in the CEC’14 and CEC’17 test suites.

It should be noted that a significant part of the convergence for E-AHPSO
(50% — 70%) occurs within 750 — 1050 iterations executed by AHPSO, while
we mainly observe fine-tuning during the remainder of the search carried out
by the other ensemble constituent algorithms. This consistent convergence
pattern also reflects the significant role undertaken by AHPSO in both the
algorithm’s solution discovery and converging behaviours. Interested readers
can visit the supplementary material to observe the detailed convergence rate
figures provided for each problem and dimension of the CEC’14 and CEC’17
problems.
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Figure 16: Convergence rate comparison of E-AHPSO on complex 100-dimensional mul-
timodal, hybrid and composition CEC’14 problems.
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6.2. Population Diversity Analysis

Figures 18-19 display the population diversity pattern recorded simulta-
neously with the convergence pattern on the 100-dimensional CEC’14 and
CEC’17 problems. The population diversity was calculated based on the in-
structions provided in the study [94]. As with convergence, we compared the
population diversity of E-AHPSO against that of L-SHADE, EPSO, AHPSO,
HIDMS-PSO, TLSPSO, and HCL-DMS-PSO.

Overall, the pattern observed in the depletion of population diversity
approximately correlates with the convergence pattern of the algorithms (see
Figures 16-17). We consistently observe that HCL-DMS-PSO initiates and
maintains a more diverse population that revamps throughout the search
process. However, among multiple strategies adopted for population topology
and velocity update, HCL-DMS-PSO also utilises a dual mutation operator to
re-diversify the population, which increases the time complexity and prevents
faster convergence to a better solution in higher-dimensional problems (see
Figures 16-17).

On the other hand, E-AHPSO does not substantially maintain population
diversity throughout the search. However, in this case, we do not observe any
correlation between maintaining better population diversity and the overall
performance of the algorithms. AHPSO is good at maintaining diversity,
but the other constituent algorithms in E-AHPSO are not. The diversity
maintained by AHPSO in the initial phase of the ensemble’s search seems to
be sufficient to enable the other, exploitative, algorithms in the ensemble to
converge to very high-quality solutions when they take over the search in the
later phases.

6.3. Box-Plot Analysis

In this section, we assess the consistency of solutions obtained by E-
AHPSO and the best performing comparator benchmark algorithms, CoDE,
L-SHADE, TLSPSO, BFLPSO, EPSO, HCLDMS-PSO, MTDE, and the en-
semble constituent algorithms, AHPSO, HPSO-TVAC and MaPSO, over 50
consecutive runs on each 50-dimensional unimodal (F}), multimodal (Fj),
hybrid (Fig — Fig9) and composition (Fhy — F3g) problem selected from the
CEC’17 test suite.

E-AHPSO has good consistency across all problem types, with a relatively
tight distribution of error values in all cases. It is difficult to highlight a single
most consistent algorithm from Figure 20; however, it can be observed that
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E-AHPSO exhibited consistency comparable to the other top performing
algorithms.

6.4. Time Complexity Analysis

The time complexity comparison for the proposed algorithm and the 39
benchmark algorithms at 10, 30, 50 and 100 dimensions is shown in Figure
21. The time complexity value T'C' is calculated based on the instructions
provided in study [102|, using MATLAB R2023b on a machine with an AMD
Ryzen 9 3900XT 12-core processor.

Overall, E-AHPSQO’s time complexity was observed to be highly com-
petitive. It was more efficient than 58%, 64%, 65% and 68% of the 39
benchmark algorithms for 10, 30, 50 and 100-dimensional problems, respec-
tively. E-AHPSO’s time complexity can be seen to be on a par with L-
SHADE and BFLPSO on 10-dimensional, HCL-DMS-PSO and BFLPSO on
30-dimensional, MaPSO and BFLPSO on 50-dimensional, and BBPSO and
FFQ-HIDMS-PSO on 100-dimensional problems. As expected, E-AHPSQO’s
time complexity is similar (slightly more efficient) compared to AHPSO. The
time complexity data for all benchmark algorithms is provided in the sup-
plementary material for interested readers.

6.5. Substitution Experiment

In this work, we highlighted the strengths and limitations of the AHPSO
algorithm and theorised that it would be an effective explorative mechanism
if complemented with a set of simpler exploitative PSO variants.

However, it might be argued that the overall effectiveness of the pro-
posed ensemble algorithms may be due to the complex dynamics of the con-
stituent algorithms or other factors, and that the utilisation of an arbitrary
explorative mechanism instead of AHPSO might yield comparable or bet-
ter results. This is a well-founded question and worth further investigation.
Hence, we investigated the performance of various alternative algorithms
substituted for AHPSO in the ensemble model used in the main experiments
detailed earlier. The individual and collaborative performances were com-
pared to observe any changes in the performance of the substitute algorithms
when utilised as part of the ensemble.

The experiment detailed in section 5.1 was replicated on the 100-dimensional
CEC’14 problems using the Eloﬁ, Ef‘*, EBO‘"’7 E1026, Elof, E20f’ and E2O76 ensemn-
bles that were highlighted in section 4.4, where AHPSO was substituted with
several comparable algorithms, namely, HCLPSO, DMS-PSO, HIDMS-PSO,
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Figure 20: Distribution of error values on selected 50-dimensional CEC’17 problems.
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Figure 21: Time complexity comparison for 10, 30, 50 and 100-dimensional problems.

FFQ-HIDMSPSO, GA-HIDMS-PSO and A-HIDMS-PSO. The substitute al-
gorithms were selected based on their behavioural heterogeneity, explorative
capabilities and their overall comparable performance to AHPSO. Figure 22
presents a summary of the statistical results at o = 0.05 for the 7 ensem-
ble algorithms with substitute algorithms instead of AHPSO, along with the
performance of the substitute algorithms on their own. The ensembles are
denoted by the substitute algorithm’s name followed by the ensemble key
and ordering, e.g. DMS-PSO (136 which executes in the following sequence:
DMS-PSO — HPSO-TVAC — BBPSO (see Table 1).

As shown in Figure 22, overall, we do not observe an appreciable dif-
ference between the individual performances of DMSPSO, HCLPSO and A-
HIDMS-PSO, and the performances of the ensembles created when these al-
gorithms are substituted for AHPSO. However, ensembles with GA-HIDMS-
PSO exhibit a slight performance deterioration compared to the individual
performance of GA-HIDMS-PSO, and, in contrast, ensembles with FFQ-
HIDMS-PSO perform noticeably better than the individual performance of
FFQ-HIDMS-PSO, especially in the case of the E? ¢ and ng‘ ensembles.

In addition, the results indicate that FFQ-HIDMS-PSO is the most re-
sponsive substitute algorithm to the ensemble configuration among the 6
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Figure 22: Summary of the Wilcoxon signed-rank test results for ensemble configura-
tions using alternative exploratory mechanisms in place of AHPSO on the 100-dimensional
CEC’14 problems. The symbols +, =, and — indicate statistically significantly better per-
formance, no statistically significant difference, and statistically significantly worse perfor-
mance, respectively, at a = 0.05.

62



algorithms tested. Importantly, overall, none of the substitute algorithms
yielded a performance comparable to our proposed ensemble algorithm, E-
AHPSO. The argument as to "why" some algorithms are improved, or weak-
ened, or are simply unresponsive within an ensemble, requires a specific and
thorough assessment that is beyond the scope of this paper. However, in
addition to various dynamics, we hypothesize that effective exploration ca-
pability is a major contributing factor that is essential in the discovery of
promising regions in the early phase of the search, something that AHPSO is
particularly good at. In relation to that, as shown in section 4.3, the results
strongly favoured particular orderings in which AHPSO was executed as the
first algorithm in the ensemble configuration. Further investigations, exper-
iments and analysis verified this finding and we theorised that the primary
underlying factor of superior performance attained when AHPSO is executed
as the initial algorithm was closely related to its heterogeneous search dy-
namics that allow AHPSO to discover the promising regions during the initial
phase of the search.

6.6. Contour Plot Analysis

The exploratory behaviour of AHPSO was previously studied in [15],[3].
Here, we utilise contour plots to discern the exploration capability and search
space coverage of the constituent algorithms (AHPSO, HPSO-TVAC and
MaPSO) of the proposed E-AHPSO algorithm.

Figures 23,24,25,26 display the contour plots for the Holder Table, Mc-
Mormick, Schwefel and Griewank functions with highly complex landscapes
and multiple local and global minima. The particle positions at 1%, 100",
500" and 1000 iterations are shown for each constituent algorithm of E-
AHPSO. The same initial population distribution was used for each algorithm
to accurately observe the search behaviour and coverage of the search space.

In all cases shown in Figures 23,24, 25,26 AHPSO consistently exhibits
much broader search space coverage. In addition, we observe that, despite
converging to global optima, AHPSO resumes exploring nearby regions to
find potentially better solutions.

In section 4.3, it was highlighted and documented that ensemble combina-
tions (see Table 1) with identical constituent algorithms performed distinctly
across different orderings (see Table 2), where superior performance was con-
sistently observed with AHPSO executed as the initial algorithm in ensemble
configurations.
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Contour plots presented in this section complement our previous findings
and verify that AHPSO can sustain superior exploratory capability through-
out the optimisation process. Hence, when executed as the "non-initial"
algorithm in an ensemble configuration, AHPSO is ineffective at reviving so-
lutions inherited from the constituent algorithms. However, when executed
as the "initial" algorithm, AHPSO is able to discover promising solutions
through sustained exploration and subsequently convey the discovered solu-
tions, which are further exploited by the two constituent algorithms. This
is also verified by the convergence analysis shown in section 6.6, where a
significant part of the convergence was observed during the phase executed
by AHPSO, followed by HPSO-TVAC and MaPSO, which are reflected as
subtle changes to the convergence pattern.

The "heterogeneous behaviour" observed and highlighted in this section
facilitates the sustainability of AHPSO’s exploratory behaviour, and it is
the key component and the tenable rationale for the proposed algorithm’s
(E-AHPSO) superior performance, achieved through initial extensive explo-

ration by AHPSO, followed by the exploitation of HPSO-TVAC and MaPSO.

6.7. Velocity Magnitude Analysis at Handover

Figures 27,28,29 show the velocity magnitudes of all particles in the swarm
at handover (captured at the end of the final iteration of each of the ensem-
ble’s constituent algorithms), representing the swarm’s state immediately
before the population is handed over to the next algorithm in the ensemble’s
sequence. The magnitudes are displayed for different dimensions of CEC’13,
CEC’14 and CEC’17 problems, and the velocity magnitude is calculated as:

(26)

where ||v;(t)|| represents the velocity magnitude of particle ¢ at iteration
t, D is the problem dimensionality, and (v; 4() is the velocity component of
particle ¢ in dimension d.

As shown in Figures 27-29, overall, AHPSO exhibits the highest veloc-
ity magnitudes across most of the 10, 30, 50, and 100-dimensional CEC’13,
CEC’14 and CEC’17 functions, which indicates that at the point of handover
to the subsequent algorithm, AHPSO hands over a swarm that’s still strongly
mobile through the search space. We also observe a relatively large interquar-
tile range, suggesting highly diverse particle movement when AHPSO reaches
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Figure 23: Search behaviour of AHPSO (left column), HPSO-TVAC (middle column),
MaPSO (right column) on 2-dimensional Holder Table function.
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Figure 24: Search behaviour of AHPSO (left column), HPSO-TVAC (middle column),
MaPSO (right column) on 2-dimensional McCormick function.
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Figure 25: Search behaviour of AHPSO (left column), HPSO-TVAC (middle column),
MaPSO (right column) on 2-dimensional Schwefel function.
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Figure 26: Search behaviour of AHPSO (left column), HPSO-TVAC (middle column),
MaPSO (right column) on 2-dimensional Griewank function.
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the end of the allocated iterations. On the other hand, HPSO-TVAC yields
a more controlled, yet still partially active population, whereas MaPSO typ-
ically exhibits a trend toward a nearly converged swarm with low-mobility
particles. The captured particle state at the handover point further justifies
why certain algorithm combinations and execution orders perform better,
supporting our initial hypothesis.

6.8. AHPSO Re-Entry for Diversity Revival

Further experiments were conducted on E-AHPSO to examine whether
AHPSO could revive the search process after control had been transferred
to either HPSO-TVAC or MaPSO. The purpose of these experiments was to
investigate whether reintroducing AHPSO at a later stage could restore pop-
ulation diversity after the swarm had already been influenced by the search
behaviour of another algorithm within the ensemble. To investigate this, the
ensemble ordering of E-AHPSO was modified to reinvoke AHPSO as the late-
stage optimiser, yielding two loop-based variants: AHPSO—MaPSO—AHPSO
and AHPSO—HPSO-TVAC—AHPSO.

Experiments conducted on 10, 30, 50, and 100-dimensional problems us-
ing the CEC’13, CEC’14, and CEC’17 benchmark suites exhibited a con-
sistent trend. As shown in Figures 30-31, in both variants where AHPSO
is reinvoked after HPSO-TVAC and MaPSO, AHPSO noticeably restored
population diversity during the final phase. This indicates its ability to rein-
troduce exploratory behaviour after the swarm had passed through a differ-
ent search phase, particularly following a more exploitative algorithm. This
effect was observed in both AHPSO — HPSO-TVAC — AHPSO and AH-
PSO — MaPSO — AHPSO configurations, suggesting that AHPSO retains
a strong capacity to increase diversity even when it is not used only as the
initial search component. In this sense, the results support AHPSO’s role as
a population revival mechanism, capable of re-expanding the search process
when the swarm begins to lose diversity or become concentrated in narrower
regions of the search space.

However, although both loop-based mechanisms demonstrated the abil-
ity to revive population diversity, reinvoking AHPSO in the final phase did
not provide the same level of generalisation capability or overall optimisation
performance as the proposed E-AHPSO algorithm. While the final AHPSO
phase helped recover diversity, this did not consistently translate into supe-
rior convergence behaviour or stronger final solution quality across the dif-
ferent benchmark suites and dimensional settings. Therefore, while AHPSO

69



Swarm Velocity Magnitudes for 50-D CEC13 functions
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Figure 27: Velocity magnitude distributions of AHPSO, HPSO-TVAC and MaPSO at the

handover point for 50-dimensional CEC’13 benchmark functions, illustrating the swarm’s
particle mobility and exploration state before transition to the next algorithmic phase.
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Swarm Velocity Magnitudes for 30-D CEC14 functions
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Figure 28: Velocity magnitude distributions of AHPSO, HPSO-TVAC and MaPSO at the

handover point for 30-dimensional CEC’14 benchmark functions, illustrating the swarm’s
particle mobility and exploration state before transition to the next algorithmic phase.
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Swarm Velocity Magnitudes for 10-D CEC17 functions
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Figure 29: Velocity magnitude distributions of AHPSO, HPSO-TVAC and MaPSO at the

handover point for 10-dimensional CEC’17 benchmark functions, illustrating the swarm’s
particle mobility and exploration state before transition to the next algorithmic phase.
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was discovered to be effective as a late-stage diversity revival mechanism,
the loop-based variants appear less robust and less broadly effective than the
proposed E-AHPSO algorithm. This suggests that diversity recovery alone
is insufficient to explain the effectiveness of E-AHPSO; rather, the specific
ordering and complementary interactions among AHPSO, HPSO-TVAC, and
MaPSO are critical to achieving stronger and more generalisable optimisation
performance.

6.9. Success Rates Analysis

Despite its superior performance on higher-dimensional problems, our
experiments revealed that the proposed E-AHPSO algorithm performs mod-
erately on low-dimensional problems compared to its high-dimensional per-
formance. We have calculated success rates to better understand E-AHPSO’s
performance compared to other algorithms on 10-dimensional problems.

A run is considered successful if it meets the following criteria:

|fbest - faptimum| S € (27)

where fyes is the best objective value discovered, foptimum is the global op-
timum, and € is the tolerance threshold (107%) as specified in test suite
reports|128].

Each algorithm is run 51 times on each CEC’13 and CEC’17 10-dimensional
problems, and the success rate is calculated as:

NumberO f Success ful Runs
NumberO f Runs

SuccessRate = ( ) * 100 (28)

Figures 32-33 display the success rates for each of the 10-dimensional
CEC’13 and CEC’17 problems across 40 algorithms, including the proposed
E-AHPSO.

The results reveal that E-AHPSO successfully converged to the global
optima for a few functions, including the unimodal functions (F1, F5; 100%
success rate) and the multimodal function (F11; 50% success rate). We also
observe a similar pattern with many of the comparator algorithms, where
the success rate is concentrated on selected functions rather than being dis-
tributed across the entire set of 10-dimensional CEC’13 problems. In addi-
tion, we generally observe a higher success rate for the DE variants MTDE,
CoDE, and L-SHADE across unimodal and multimodal functions.
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Figure 30: Population diversity trajectories of E-AHPSO and the two AHPSO re-entry
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The success rate results for the 10-dimensional CEC’17 functions are
shown in Figure 33. We observe a similar pattern of higher success rates for
CoDE, L-SHADE, and MTDE across a wider range of functions within the
10-dimensional CEC’17 test suites. It may be worth noting that E-AHPSO
has better coverage of the 10-dimensional CEC’17 functions (compared to
CEC’13) and has converged to global optima on unimodal, multimodal, hy-
brid, and composition functions.

Furthermore, the average success rates presented in Figures 34-35 place
E-AHPSO among the competitive algorithms rather than among the lower-
performing group. Nevertheless, the results confirm that E-AHPSO is not
consistently superior on 10-dimensional problems, particularly on relatively
simple unimodal landscapes, where several simpler and more exploitation-
focused algorithms achieve higher success rates. On such landscapes, a direct
search strategy can converge more rapidly because less extensive exploration
and behavioural coordination are required.

This result highlights a trade-off inherent in the ensemble design of E-
AHPSO. Its multi-phase search process, diversity-maintenance mechanisms,
and complementary exploration—exploitation behaviours provide greater ro-
bustness as the dimensionality and structural complexity of the problem
increase. However, these mechanisms may introduce unnecessary search and
coordination overhead on low-dimensional unimodal landscapes, where sim-
pler PSO or DE variants can exploit the search space more directly and
converge faster. Consequently, E-AHPSO’s comparatively moderate per-
formance on some 10-dimensional problems should not be interpreted as a
general weakness, but as the cost of achieving broader robustness and gen-
eralisation across multimodal, hybrid, composition, and higher-dimensional
problems.

It should also be noted that a higher success rate does not necessarily cor-
respond to better average optimisation performance. For example, E-AHPSO
achieved better average performance on the 10-dimensional CEC’13 problems
than on the corresponding CEC’14 and CEC’17 problems (see section 5), but
it attained global-optimum coverage across a wider range of function types
in the 10-dimensional CEC’17 suite. Taken together, these findings indi-
cate that the principal advantage of E-AHPSO lies in its robust performance
across diverse and complex search landscapes, whereas simpler algorithms
may retain an advantage in convergence speed on certain low-dimensional
unimodal problems.
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7. Conclusions

This paper highlighted the strengths and weaknesses of a recently pub-
lished PSO variant: the Altruistic Heterogeneous PSO (AHPSO) algorithm.
AHPSO is highly explorative and has proven to be effective on high-dimensional
and complex problems. However, it can exhibit mediocre performance on rel-
atively simpler problems. The source of this limitation can be traced to the
heterogeneous properties of AHPSO, which enable the discovery of promising
regions but can result in less efficient exploitation and convergence. Consider-
ing this, we investigated the potential for collaboration between the AHPSO
algorithm and a pool of well-known, simpler, more exploitative PSO variants
to build a powerful, general-purpose ensemble algorithm that would perform
well across many different problem types and dimensions. The ultimate ob-
jective of this work was to design a PSO-based ensemble algorithm that used
AHPSO as a central explorative mechanism, assisted by a set of complemen-
tary exploitative algorithms. Detailed preliminary experiments, using the
CEC’17 test suite, revealed a promising candidate, namely E-AHPSO. Sub-
sequently, E-AHPSO was further tested against 39 benchmark algorithms,
comprising recent and mature PSO variants, non-PSO algorithms includ-
ing powerful differential evolution variants, L-SHADE, CoDE, and MTDE,
on 10, 30, 50 and 100-dimensional CEC’13, CEC’14, CEC’17, and CEC’20
(10 and 20-dimensional) test suite problems. As part of our primary ob-
jective, the work also aimed to develop a general-purpose algorithm that
is highly competitive across a very wide range of continuous-variable prob-
lems and problem dimensions, and that can be used ’out of the box’ without
any need for parameter tuning. In the very thorough comparative testing,
E-AHPSO achieved a highly competitive average final rank across all test
suites and dimensions. It was statistically significantly (at a significance
level of & = 0.05) better than 64%, 71% and 78% of the large and chal-
lenging set of benchmark comparator algorithms on the CEC’13, CEC’14
and CEC’17 test suites, respectively, averaged over 10, 30, 50 and 100 di-
mensions. None of the comparator algorithms was statistically significantly
better than E-AHPSO on the CEC’14 test suite at any dimension, while a
maximum of one of the comparator algorithms was significantly better on
some of the lower dimensions for the CEC’17 and CEC’13 test suites. More-
over, the statistical results on the recent CEC’20 test suite also indicated
that the E-AHPSO was significantly better than (at a significance level of
a = 0.05) 56% and 64% of the 39 benchmark algorithms at dimensions 10
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and 20, respectively, whilst none of the 39 benchmark algorithms was statis-
tically significantly better than E-AHPSO. Analysis revealed that E-AHPSO
performed consistently very well across all problem types and dimensions in
the test suites. Its convergence and population diversity dynamics were com-
parable to or better than those of the top-performing comparator algorithms.
All of this is strong evidence for E-AHPSO being a good candidate for a pow-
erful general-purpose optimisation algorithm. In the case of comprehensive
test suites such as CEC’13, CEC’14, and CEC’17, 100-dimensional problems
constitute the most complex instances due to dimensionality. Hence, we par-
ticularly emphasise the performance of E-AHPSO on the 100-dimensional
CEC’14 and CEC’17 problems, where it ranked 15 among a very competitive
set of benchmark algorithms. Considering this, it may be worth highlight-
ing that the proposed algorithm was statistically significantly better than
61%, 79%, and 87% of the 39 benchmark algorithms at o = 0.05 on the
100-dimensional CEC’13, CEC’14, and CEC’17 problems, respectively. As
mentioned previously, the central hypothesis underpinning our approach was
that AHPSO, with its powerful explorative and diversity-maintaining prop-
erties, would discover multiple very promising areas of the search space in the
initial phase of the search (see section 6.6); these would then be efficiently
exploited by the simpler exploitative members of the ensemble to converge to
optimal or near-optimal solutions. The very detailed empirical investigations
of E-AHPSO described in this paper, including the execution order of the en-
semble algorithms (see section 4.3), validate that hypothesis. The algorithm
exhibits a very good balance between exploration and exploitation. In a
substitution experiment presented in section 6.5, we assigned the role of AH-
PSO to six comparable PSO variants (DMS-PSO, HIDMS-PSO, HCLPSO,
FFQ-HIDMS-PSO, GA-HIDMS-PSO and HIDMS-PSO) in each of the seven
ensembles that were shortlisted in the preliminary experiments (see section
4.4). All the AHPSO replacement algorithms used in this experiment failed
to yield comparable performance; some were simply unresponsive to such
collaboration, and others exhibited performance deterioration. These results
further verified the central role of AHPSO in an ensemble configuration.
Several limitations and performance trade-offs of E-AHPSO were iden-
tified during this study. Although E-AHPSO performed competitively on
lower-dimensional problems and outperformed many of the benchmark algo-
rithms, including AHPSO, its relative advantage became more pronounced
as problem dimensionality and structural complexity increased. This pat-
tern reflects a trade-off inherent in its ensemble design. On comparatively
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simple, low-dimensional unimodal landscapes, simpler and more exploitation-
focused PSO variants may converge faster because they can exploit the search
space directly, without requiring the multi-phase search behaviour and co-
ordination employed by E-AHPSO. In contrast, E-AHPSO’s complementary
exploration—exploitation mechanisms, diversity maintenance, and sequential
transfer of the evolving population become increasingly beneficial on mul-
timodal, hybrid, composition, and higher-dimensional problems. Therefore,
its moderate performance on certain 10-dimensional problems should not be
interpreted as a general weakness, but as the cost of achieving greater ro-
bustness and generalisation across a wider range of complex optimisation
landscapes. Future work could investigate adaptive mechanisms for shorten-
ing or bypassing exploratory phases when the search landscape appears rel-
atively simple, thereby improving convergence on low-dimensional problems
while preserving the robustness demonstrated on more complex problems.
Further improvements to convergence speed and diversity maintenance may
also enhance the algorithm’s overall performance. In addition, the analysis
in section 6.8 showed that reintroducing AHPSO as a late-stage optimiser
can visibly restore population diversity, although this recovery alone did not
consistently produce better final optimisation performance.

Besides our efforts to design a competitive ensemble algorithm, we also
intended to minimise the algorithm’s time complexity. Often, algorithms
that perform well on high-dimensional and more complex problems compro-
mise on time complexity due to their complex algorithmic dynamics. As
highlighted in section 6.4, overall, E-AHPSO exhibited lower time complex-
ity compared to 58%, 64%, 65% and 68% of the 39 benchmark algorithms
for 10, 30, 50 and 100-dimensional problems, respectively. Considering the
existing applications of the standard AHPSO algorithm on various real-world
problems [15][3], including parameter optimisation of Hybrid Active Power
Filters (HAPF) [16], Transmission Network Expansion Planning, Planetary
Gear Train Design, and the Robot Gripper Design problem [129]. Hence, as a
much more efficient incremental version, the E-AHPSO algorithm presented
in this paper also has significant potential for real-world applications, which
is an interesting avenue for future work.

Finally, the novel contribution of this paper can be summarised as the sys-
tematic methodology utilised to construct a PSO-based ensemble algorithm
and the resulting sequential ensemble algorithm, E-AHPSO. In summary, the
work conducted in this paper empirically identifies both the optimal combi-
nation of constituent algorithms and their most effective execution order as
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opposed to assembling an ensemble via ad hoc selection, adaptive switch-
ing, or equal treatment of all constituent algorithms. Algorithmically, the
proposed (E-AHPSO) is novel because AHPSO is deliberately positioned as
the central exploratory mechanism, responsible for discovering promising re-
gions of the search space and maintaining population diversity, before passing
the evolved population to MaPSO and HPSO-TVAC for further refinement
and exploitation. Hence, the resulting work is not merely a combination of
existing PSO variants but a purposefully engineered collaboration in which
constituent algorithms have distinct roles. By exploiting AHPSO’s strong
exploration capability and combining it with the convergence strengths of
simpler PSO variants, the proposed E-AHPSO achieves stronger overall per-
formance and broader generalisation capability compared to its constituent
algorithms as demonstrated across multiple CEC benchmark suites, problem
types and dimensions without any parameter tuning.

Further theoretical analysis of the algorithm and investigations of its effi-
cacy in other domains, such as combinatorial problems or mixed continuous-
discrete variable problems, are other fruitful directions for interested re-
searchers. The empirical methodology used in this work to develop ensemble
algorithms could serve as a reference for creating new, more advanced col-
laborative algorithms.
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