ORDERED INDEPENDENT SCATTERING

Charles M. Goldie School of Mathematical Sciences University of Sussex Brighton BN1 9QH England C.M.Goldie@sussex.ac.uk

Sidney I. Resnick Cornell University School of Operations Research and Industrial Engineering Rhodes Hall 223 Ithaca, NY 14853 USA sid@orie.cornell.edu

ABSTRACT Suppose (X_n)_{n=1,2,...} is a sequence of independent, identically distributed random vectors in R^2. Say X_n is a record if there is a record simultaneously in both coordinates at index n. For A ⊂ R^2, let N_A be the number of records falling in region A. If A < B are two regions of R^2 such that every point of A is south-west of every point of B, then N_A and N_B are independent. We call this property ordered independent scattering and discuss which other notions of record give rise to it.

Keywords: Multivariate record values, independent scattering, order statistics, point process, Poisson process, set-indexed process

1. Introduction.

Let < be a strict partial order on R^2, that is, {(x, y) : x < y} is a subset of R^2 × R^2 such that the properties of

antisymmetry: x < x for no x ∈ R^2, transitivity: if x < y and y < z, then x < z

hold in R^2. It is standard (Birkhoff (1967), p. 1) that < determines a weak partial order ≤ by

x ≤ y iff x < y or x = y.

Thus, it is indifferent whether we start with < or ≤.

Denote the Borel σ-algebra on R^2 by B. Corresponding to the partial ordering < on R^2 we may define an ordering of subsets A, B of R^2 as follows: A < B iff a ∈ A and b ∈ B implies a < b.

Typeset by AMS-TEX 1

A set-indexed process (M (A))_{A∈B} has the ordered independent scattering property if whenever (A_i)_{i∈I} is a disjoint, totally ordered collection of Borel sets in R^2, the random variables (M (A_i))_{i∈I} are mutually independent. The purpose of this paper is to discuss some contexts from multivariate extreme value theory which give rise to this notion.

Let X_n := (X^{(1)}n , X^{(2)}n ), for n = 1, 2, . . . , be independent identically distributed (iid) R^2-valued random vectors with common distribution F . Relative to the partial order “<”, we say that

X_n is a record if X_k < X_n for k = 1, . . . , n − 1. (1.1)

Thus necessarily X_1 is a record.

In Goldie & Resnick (1989) we considered the following wider list of plausible notions of ‘record’ in R^2:

(i) X_n is a ‘record’ iff X^{(1)}_n > ⋁_{n−1} k=1 X^{(1)}_k and X^{(2)}_n > ⋁_{n−1} k=1 X^{(2)}_k ;

(ii) X_n is a ‘record’ iff X^{(1)}_n ≥ ⋁_{n−1} k=1 X^{(1)}_k and X^{(2)}_n ≥ ⋁_{n−1} k=1 X^{(2)}_k and at least one of these inequalities is strict;

(iii) X_n is a ‘record’ iff X^{(1)}_n > ⋁_{n−1} k=1 X^{(1)}_k or X^{(2)}_n > ⋁_{n−1} k=1 X^{(2)}_k ;

(iv) X_n is a ‘record’ iff X_n falls outside the convex hull of X_1, . . . , X_{n−1}; (v) X_n is a ‘record’ iff |X_n| > ⋁_{n−1} k=1 |X_k|, where | · | in (v) denotes Euclidean (or supremum, or some other) norm. We also considered a further notion, suggested by George O’Brien in a personal communication:

(vi) X_n is a ‘record’ iff X_k ≱ X_n for k = 1, . . . , n − 1.

We noted that (iii) and (iv) are not consistent with (1.1) for any partial order <, and nor is (vi). The others are consistent with specific definitions of <, and so the many results of Goldie & Resnick (1989) for a general partial order apply to them. Some of these results we were able to extend to (vi) in an ad hoc way, but it was rather unsatisfactory that this could be done and yet (vi) did not fit into a common framework.

For any specific definition of record, let M (B) be the number of records that fall in B ∈ B. The counting function {N_B, B ∈ B} mentioned in the abstract is a particular case. In Theorem 3.2, Goldie & Resnick (1989), we proved that every definition of record reconcilable with a partial order satisfying a measurability condition has the property of ordered independent scattering. Thus, in particular, notions (i), (ii) and (v) of record have the ordered independent scattering property.

We would like to bring (vi) into the picture. In the next section we give a framework for set-indexed processes arising naturally in extreme-value theory which guarantees that the property holds. The framework includes (i) and (vi) among other particular cases.

We have sought a general characterization of the ordered independent scattering property but so far such a characterization has eluded us.

The notion of multivariate record most frequently employed is (i), corresponding to the partial order

x < y iff x^{(1)} < y^{(1)} and x^{(2)} < y^{(2)}.

See Deuschel & Zeitouni (1995), Gnedin (1994a, b, c) and Goldie & Resnick (1995) for recent developments with this definition. Also, the idea that will be developed in the next section, of defining records in terms of cones, is similar to the idea of conical extremes and kth layers discussed recently in Gnedin (1994c).

2. Ordered independent scattering.

Recall that a set-indexed process (M (A))_{A∈B} has the ordered independent scattering property if whenever (A_i)_{i∈I} is a disjoint, totally ordered collection of Borel sets in R^2, the random variables (M (A_i))_{i∈I} are mutually independent. Notice that if we define the restriction of a set-indexed process M to a set B ∈ B to be the process M^B given by M^B(A) := M (A ∩ B) (A ∈ B), 2

then it is immediate that ordered independent scattering implies that the restrictions M^{A1} , . . . , M^{Ak} are independent processes whenever A_1 < · · · < A_k. The ordered independent scattering property can thus alternatively be presented at process level, in terms of independent restrictions.

Suppose N = ∑ k ε_{(tk,jk)} is the counting function of a point process on (0, ∞) × R^2 with points (t_k, j_k). We make the following assumptions.

(A) The realizations of N have only finitely many points in [s, t] × (R^2 \ (−∞, x)), for every compact interval [s, t] ⊂ (0, ∞) and every x ∈ R^2.

(B) If I_1, . . . , I_k is any finite collection of disjoint closed intervals in (0, ∞) then the restrictions of N to I_1 × R^2, . . . , I_k × R^2 are mutually independent.

We have two cases in mind. First, in discrete time, N is of the form N = ∞∑ k=1 ε_{(k,Xk)} where (X_k) is a sequence of iid random vectors with common distribution F . Second, in continuous time, N is a Poisson process with mean measure dt × dν where ν is a finite measure. Both of these examples satisfy (A) and (B). Indeed, in the latter example the requirement that ν be a finite measure on R^2 can be weakened to it being locally finite (‘Radon’) on the compactified plane [−∞, ∞]^2 punctured by the removal of the point −∞.

Let C be a closed cone in R^2 satisfying the requirements (C0) C ≠ R^2, C ≠ ∅;

(C1) x ≤ y implies C + x ⊇ C + y.

Of these, (C0) excludes trivialities while (C1) is needed to make records defined in terms of C work reasonably well. Thus, define the counting function M of C-records as

M (A) := ∫_∞ t=0 ∫ x∈A 1{N ((0, t] × (C + x)) = 1}N (dt, dx). Thus a C-record in A occurs at a point of the N -process (t, x) if N ((0, t] × (C + x)) = 1 and x ∈ A. We have the following examples in mind:

(a) if C = (−∞, 0)^c, then we get notion (i) of record considered in the previous section: X_n is a record iff X_k < X_n for k = 1, . . . , n − 1;

(b) if C = [0, ∞), then we get notion (vi): X_n is a C-record iff X_k ≱ X_n for k = 1, . . . , n − 1. (C0) and (C1) in fact restrict C to a very special class of cones. Note first that in terms of polar coordinates, writing the points of R^2 as (r cos θ, r sin θ) where 0 ≤ r < ∞ and −π < θ ≤ π, any cone C can be written as {(r cos θ, r sin θ) : 0 ≤ r < ∞, θ ∈ Θ_C }) for some Θ_C ⊆ (−π, π]. We then have the following characterization.

Propostion 2.1. A closed cone C satisfies (C0) and (C1) if and only if Θ_C = [θ^−, θ^+] where −^π_2 ≤ θ^− ≤ 0 and^π_2 ≤ θ^+ ≤ π.

Proof. C is a non-empty cone so contains 0. In (C1) take x := 0 and y any point of [0, ∞)^2; thus y ∈ C + y ⊆ C, so C contains [0, ∞)^2.

Now we shall show that there cannot exist −π < θ_2 < θ_1 < 0 such that θ_1 /∈ Θ_C but θ_2 ∈ Θ_C . For suppose there exist such θ_1 and θ_2. Since 0 ≤ (1, 0) we know C + (1, 0) ⊆ C. Thus C contains 3

all points (1 + r cos θ_2, r sin θ_2) for 0 ≤ r < ∞. However one of these points necessarily is on the ray {(s cos θ_1, s sin θ_1) : 0 ≤ s < ∞}, which is disjoint from C. This contradiction means that θ_1 and θ_2 cannot exist.

We may similarly prove that there cannot exist^π_2 < θ_1 < θ_2 ≤ π with θ_1 /∈ Θ_C but θ_2 ∈ Θ_C . Thus Θ_C is some sub-interval of (−π, π]. Further, Θ_C is relatively closed in (−π, π] because C is closed. Since C contains [0, ∞)^2, Θ_C contains [0,^π_2 ].

It remains only to prove that Θ_C has no points in the third quadrant (−π, −^π_2 ). For suppose there is such a point θ_0. Since 0 ≤ (0, 1), we know by (C1) that C ⊇ C + (0, 1). So all points (r cos θ_0, r sin θ_0) + (0, 1), for r ≥ 0, are in C. However the arg of these points covers all of [^π_2 , π], as r ranges over [0, − cosec θ_0], and covers all of (−π, θ_0), as r ranges over (− cosec θ_0, ∞). But that makes Θ_C the whole of R^2, contradicting (C0). So Θ_C is as claimed. □

The cones C in examples (a) and (b) above are now seen to be respectively the maximal and minimal possible under the restrictions (C0) and (C1). Another special case arises when Θ_C is the interval [θ−^π_2 , θ+^π_2 ] for some θ ∈ [0,^π_2 ]; that makes C a half-plane and C-records are just directional records in the direction θ. In other words, the points which are C-records are those points whose orthogonal projections on a ray of direction θ yield records in the one dimensional sense.

The next result gives the ordered independent scattering property for C-records.

Theorem 2.2. If N is satisfies assumptions (A) and (B) and if (C0) and (C1) hold, then M is ordered independently scattered.

Proof. Let (F_t)_{t≥0} be the natural filtration of N , where F_t is generated by the restriction of N to (0, t] × R^2. We use assumption (B) at this point: it gives that for every t ∈ (0, ∞), the strictly-prior-to-t σ-algebra F_{<t} and the post-t σ-algebra F_{≥t} are independent.

We take the case of two subsets of R^2, as the general case of an unspecified finite number may be dealt with wholly analogously, and the result follows from that. Thus suppose A < B are Borel subsets of R^2. Let

T := inf{t ≥ 0 : N ((0, t] × (C + B) > 0} ≤ ∞.

So T is a stopping time with respect to the natural filtration. Assumption (A) comes in at this point: it implies that T > 0 with probability 1. The above independence, with the strong Markov property, then gives that the strictly-prior-to-T σ-algebra F_{<T} and the post-T σ-algebra F_{≥T} are independent. It then suffices to prove that M (A) is F_{<T} -measurable and M (B) is F_{≥T} -measurable. For that we need the following lemma.

Lemma 2.3. In the time interval [T, ∞), no C-records fall in A. In the time interval (0, T ), no C-records fall in B.

Proof. To verify the first assertion, assume P (T < ∞) > 0 for non-triviality. Working within the event T < ∞, assume (t_k, j_k) is a support point for N such that t_k ≥ T and j_k ∈ A. By the preceding proposition and the assumption A < B, j_k is not in C + B, and so j_k is distinct from the point x_T ∈ C + B, where (T, x_T ) is the support point of N whose existence the definition of T ensures. But then since by (C1), C + j_k ⊇ C + B, (0, t_k] × (C + j_k) contains at least the two distinct support points (T, x_T ) and (t_k, j_k) of N . So j_k is not a record in A since N ((0, t_k] × (C + j_k)) ≥ 2.

To verify the second assertion, note that N ((0, T ) × (C + B)) = 0 by the definition of T . For x ∈ B, N ((0, T ) × (C + x)) = 0 so the second assertion holds. □

Proof of Theorem 2.2, continued. Recall that F_{<T} has to be somewhat awkwardly defined as the σ-algebra generated by the events A∩{t < T } for all t > 0 and A ∈ F_t (Dellacherie & Meyer (1978), Definition IV–54). Let T_k := max{i2^{−k} : i ∈ Z_+, i2^{−k} < T }, where Z_+ is the set of non-negative integers. By the above lemma,

M (A) = ∫ 0<t<T ∫ x∈A 1{N ((0, t] × (C + x)) = 1}N (dt, dx), 4

and we see that M (A) is (for each ω) the limit of

M_k(A) := ∫ 0<t<T_k ∫ x∈A 1{N ((0, t] × (C + x)) = 1}N (dt, dx)

as k → ∞. However, M_k(A) = ∞∑ i=1 1 { i 2^k < T } ∫ (i−1)2^{−k}<t≤i2^{−k} ∫ x∈A 1{N ((0, t] × (C + x)) = 1}N (dt, dx),

and M_k(A) is thus F_{<T} -measurable according to the latter’s definition.

For the F_{≥T} -measurability of M (B) we have

M (B) = ∫_∞ 0 ∫ x∈B 1{N ((0, t] × (C + x)) = 1}N (dt, dx)

which from the second assertion of Lemma 2.3 is ∫ [T,∞) ∫ x∈B 1{N ((0, t] × (C + x)) = 1}N (dt, dx). Now for x ∈ B, 0 = N ((0, T ] × (C + B)) ≥ N ((0, T ] × (C + x)), so M (B) = ∫ [T,∞) ∫ x∈B 1{N ([T, t] × (C + x)) = 1}N (dt, dx), which is F_{≥T} -measurable. Thus M (A) and M (B) are independent. □

Acknowledgements. S. I. Resnick was partially supported by NSF Grant DMS–9400535 at Cornell University.

REFERENCES

[1] Birkhoff, G., Lattice Theory, Amer. Math. Soc., Providence R.I., 1967, Amer. Math. Soc., Colloq.

Publ. 25.

[2] Dellacherie, C. and Meyer, P.-A., Probabilities and Potential, North-Holland, Amsterdam, 1978, North- Holland Math. Studies 29.

[3] Deuschel, J.-D. and Zeitouni, O., Limiting curves for IID records, Ann. Probab. 23 (1995), 852–878. [4] Gnedin, A. V., On a best-choice problem with dependent criteria, J. Appl. Probab. 31 (1994a), 221–234. [5] Gnedin, A. V., Multiple maxima of a normal sample, Report, Universität Göttingen, Institut für Mathematische Stochastik, Lotzestrasse 13, 3400 Göttingen, Germany (1994b).

[6] Gnedin, A. V., Conical extremes of a multivariate sample, Proceedings of the Conference on Extreme Value Theory and Applications, Volume II, Gaithersburg, J. Res. Natl. Inst. Standards and Technology 99 (1994c), 511–520.

[7] Goldie, C. M. and Resnick, S. I., Records in a partially ordered set, Ann. Probab. 17 (1989), 678–689. [8] Goldie, C. M. and Resnick, S. I., Many multivariate records, Stochastic Processes and their Applications 59 (1995), 185–216. 5