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Abstract

We derive and study a time-delayed SIR model with a general incidence rate. The time delay
represents temporary immunity period, i.e. time from recovery to becoming susceptible again. Both
trivial and endemic equilibria are found, and their stability is investigated. Using Lyapunov functional
approach, the global stability of an endemic equilibrium is shown. Numerical simulations support our
analytical conclusions and illustrate possible behaviour scenarios of the model.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

In recent years there has been made a significant progress in understanding different
scenarios for disease transmissions and behaviour of epidemics. Many models in the liter-
ature represent dynamics of diseases by systems of ordinary differential equations without
delay. However, inclusion of temporal delays in such models makes them more realistic by
allowing to describe the effects of disease latency or immujtitg].

One of the main issues in the study of behaviour of epidemics is the analysis of steady
states of the model and their stability. Generally, a model contains a disease-free equilibrium
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and one or more endemic equilibria. The stability of a disease-free steady state as well as
the existence of other non-trivial equilibria can be determined using the so-called basic
reproduction ratio, which quantifies how many secondary infections appear from a single
infected put in a population of susceptib[6}. When the basic reproduction number is less
that unity, the disease-free equilibrium is locally asymptotically stable, and, therefore, the
disease dies out after some period of time. Similarly, when the endemic equilibrium is a
global attractor, epidemiologically this means that the disease will prevail and persist in a
population.

It has been suggested by several authors that the disease transmission process may have
a nonlinear incidence rate. This allows one to include behavioural changes and prevent
unbounded contact rat§&-10]. A particular example of such an incidence rate is given by
al® /(1 + BI%), with s, k, a, > 0. Another type of a nonlinear incidence raté$ S¥, with
o, k, s >0 ork, s near 1, represents saturation or multiple exposures before infection.

In this paper we derive a model which includes a general nonlinear incidence rate and
a temporary immunity from a disease. This means, that after recovery an individual has a
temporary immunity against a disease, and, therefore, it moves into the susceptible class
after some period of time. This can be observed in the case of influenza, when after recovery
there is a long (but not lifelong) immunity to the same strain of the disease but no immunity
against other strains. Other cases of temporary immunity indildemydia trachomatis
with very short temporal immunity and very high rates of reinfect®almonelldanfection
with partial immunity; non-plague yersiniosis where the actual time of the immunity is
unclear; respiratory syncytial virus after which immunity is incomplete and short-lived.

The temporary immunity is incorporated in our model by introducing the tem-
7)€ ", whereris the length of immunity period. This term reflects the fact that an individual
has survived from natural death in a recovery pool before becoming susceptible again. We
analyse existence and linear stability of the infection-free and endemic equilibria. Using
the basic reproduction rati@?g we deduce that when the infection-free steady state is
linearly asymptotically stable the model has no other equilibria. Moreover, we prove that
under the condition tha#g < 1 the infection-free equilibrium is globally asymptotically
stable, which means that after some period of time the disease will die out. After the
infection-free equilibrium becomes unstable there appears a non-trivial steady state. We
study linear stability of this state and also prove its global stability assuming incidence
rate to be linear. Furthermore, numerical simulations are carried out to illustrate possible
behaviour of solutions for different values of the immunity timeén particular, for some
values ofr a sustainable oscillatory dynamics can be observed.

2. Derivation of the model

A delayed SIR model which incorporates temporary immunity and a general nonlinear
incidence rate has the following form:

ds
dit) = =S — o fUD)SW) + (1 — e,
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dr/

S0 = pfU@)SO ~ et D10,

dR(1) e

— =710 =71 = D — R(@), @)

where it is assumed that

() there is a nonlinear incidence rate which is governed by the fungti@i;
(i) there is a temporary immunity period of the fixed lengthafter which recovered
infectives revert to the susceptible class;
(iii) there are no disease-caused deaths.

The functionf (I) is assumed to have the following propertji&8]:

e f(0)=0,
o f'(I)>0,
o f"(I)<0,
o lim;_ o f(I)=c<oc.

Parameters in the system are as followts a natural death ratejs a recovery rate, i.e. rate

with which individuals move from the infected class to the recoveredgena recruitment

rate from susceptibles to the infected class. Under the assumption that birth and death rates
are the same, the total populatidi(z) evolves according tod/dr = u(1 — N(¢)), and

N(t) — 1 ast — oo. The first two equations in system (1) do not depend on the third
equation, and therefore this equation can be omitted without loss of generality. Hence,
system (1) can be rewritten as

ds
% =u—uS—ofUI@)St)+ It —1)e
drs

3. Positivity of solutions

Model (1) describes a human population, and, therefore, it is very important to prove that
all quantities (susceptibles, infectives and recovered) will be positive for all time. In other
words, we want to prove that all solutions of system (2) with positive initial data will remain
positive for all times > 0. The idea of the proof was introduced by Li and Ku@nj

Theorem 1. Let the initial data beS(0) = So > 0and(s) = Ip(s) >0forall s € [—7; 0)
with Ig(0) > 0. Then solutionss () and I (¢) of systen{2) are positive for allr > 0.

Proof. To see this, we assume for contradiction that there exists the firsttisueh that
I (r1)S(t1)=0.Assume thak (r1) =0. ThenS(¢) > 0forallz € [0; #1]. Noticing thatf (0)=0
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and the quantityf (1 (r)) always has a factor df(z) in it, one can define

SU@)S@) }
— - u—7t.

A=
ogzgrl{q) 1(t)

Then, fort e [0; 1], dI(r)/dt > AI(r). Therefore,I (1) > I (0)eA’t > 0, which is a con-
tradiction. Thus/ (¢) > 0 for all # > 0. By the same argument it can be proved thab

is positive. Suppose not. Let be the first time when agaisi(z)/ (t) = 0. Assume that
S(t1) = 0. ThenI(+) >0 for all ¢ € [0; #1]. Then, from the first equation of system (2) we
have

ds()
dr

= pu —pS(t) —@fU()S(r) +yI(tL —1)e * > 0.
—_ =

=11
>0 =0 =0 >0

SinceS(0) > 0, for S(r1) = 0 we must have 8i(r) /d¢|,=;, <0, which is a contradiction.
Next, we show the positivity oR(¢). Equation forR(¢) from system (1) can be readily
solved to give

t
R(1) =7y / e M=) (s) ds.
-7

Since it was established thatr) is positive for allr > 0, therefore R(¢) is also positive for
all t > 0. This completes the proof.[]

In this section we have proved that all solutions of system (2) will remain positive for all
time, i.e.S(t) >0,1(r) >0andR(t) > 0 forallz > 0.

4. Infection-free steady state and its stability

Now we analyse system (2) by finding its equilibria and studying their linear stability.
Steady states of system (2) satisfy the following system of equations:

{u—uS— @fI)S +yle " =0,
ef)S —(u+nI=0.

Itis easy to check that system (3) has the disease-free equilitifua(1, 0) and one more
non-zero steady state for certain parameter values. We start with analysing the behaviour
of the original system (2) nedty. The eigenvalues of the linearisation of system (2) near
the steady stat&p arel; = —p and Az = @ f/(0) — u — y. All parameters of the model

are assumed to be positive and from the properties of the fungtién it follows that

f/(I) > 0. Therefore, forli, A2 to be negative, i.e. for a disease-free equilibrium to be
locally asymptotically stable, the following condition has to be required:

of'(0) <p+y. 4)

As long as condition (4) holds, the disease-free steady state of system (2) stays locally
asymptotically stable and no other equilibrium is feasible, as we will show later. Let us

®)
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define thebasic reproduction numbeaf the infection as
_of©
Hty
Using %o we can state the following lemma indicating the stabilityfaf= (1, 0).

Ro

Lemma 1. The uninfected equilibriunk is locally asymptotically stable i#2g < 1 and
unstable ifZg > 1.

5. Global stability of the trivial steady state

We have seen that the equilibrium poidt 0) is unstable whe®? > 1. In this section
we shall prove the global stability of this steady state under the conditon 1. Returning
to system (2) we make the following transformation:

§=1-S5, and =1

With this transformation, system (2) becomes

ds X A ) )
% =—uS+ofUE)AL—-S®) +yI(t—1)e H,

di X ) A

% —of @)@ —81) — (u+ ). o

Now, this system has an equilibriug@, 0) and proving global stability of this point means
proving global stability ofEg = (1, 0) for system (2).
From f(0) = 0 and the concavity df we can conclude that for all> 0

pf) <@+l (6)
Using the above-mentioned argument, the equatiori fan be rewritten as follows:

di . . . . .
i efUM)A—=8S®) —(u+NIO<pfU@) — (u+I.

Now, with the help of (6) we obtain

di . .
—<@fU@®)—(u+nI <0,

dr ~
i.e. there exists a positive constarguch that
di
—< —c. 7
& ¢ )

The solutions of this differential inequality are bounded above by the solutions of the
corresponding differential equation. Therefore, we obtain the following result:

1<1(0)e

and ag — oo it follows that/ — 0, and so does the originalz).
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Now, we need to prove thai(r) — 0 ast — oo. In order to do it we rewrite the equation
for S(¢) as

ds . . . R
dit) = —uS+ofU@)A-S®) +yIt—ve
< —uS+ @+l +91@ — et
< —uS+ [u +9(1+ e(c_“)f)] 1(0)e . (8)

From the solution of the corresponding differential equation

S(t) = cre™™ + 1(0)e

[ p(L+ el
—C

with ¢1 being a constant determined by initial conditions, it can be seen that the solutions
of (8) are bounded above by the exponentially decaying functiorasx. Thus, we have
proved that the solutiofy = (1, 0) is globally asymptotically stable.

6. Existence of a non-trivial equilibrium and its stability analysis

From the previous section it is follows that when the trivial steady #igtd# system (2) is
locally asymptotically stable, then non-trivial, or endemic equilibrium is not feasible. This
situation is controlled by condition (4). When condition (4) violates, besides the disease-
free equilibrium, system (2) has a non-trivial equilibridtii = (S}, I;). System (2) is a
nonlinear delayed system, so it is very complicated task to find an explicit expression for
E} = (S}, I}). Therefore, rather than look for an explicit form of it, we shall prove that an

endemic equilibrium exists, and then perform its stability analysis.
From the second equation of system (3) it follows that

S (u+i
pf)

After substituting this expression into the first equation of system (3), we obtain the following
equation for:

_ up I
pfU)

Itcan be easily seenthatthe functiéin/) is negative for large positideNext, we determine
the sign of its derivative:

H()=pu — (u4pI +yle* =0,

f) —1f'()
@ f2(D)
From the properties of the functiofi(1), in particular, fromf(0) =0 and f”(I) <0 it

follows that £ (1) — 1f'(I) > 0, and consequently/’(I) < O for all I > 0. Therefore, for a
positive root ofH (1) = 0 to exist,H (1) has to satisfy{ (0) > 0, i.e.

u+y 1]
HQ) = 1— = 1——|.
© ”[ <pf/<0>] “[ %o

H'(I)=—p(u+7) —(u+7) +ye
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Hence, one needs to requity > 1 to ensure the existence of an endemic equilibrium.
Therefore, we have proved the existence and uniqueness of the endemic equilitiriam
(S*, I¥) for system (2). This result is summarized below:

T

Theorem 2. Assume that all conditions imposed on the funcfioh) hold. Thenis Z¢ > 1
then systen2) has a unique equilibriunk’;.

The linearisation matrix of system (2) near the steady $tate(S7, I;°) has the following
characteristic equation:

M) =22+ @ut o f ) = of UDST+ A= uo f UNST + 1 + iy
+ @ fUNY + Quf (I7) =y f (IF)e "W, )

First, we look at the situation when there is no temporal immunity from a diseageriCe.
With t = 0, system (3) reduces to

{u — Sy — o fUE)SE + 715 =0,
efU5)S; — (u+y)I5=0.

Let the solution of this system b&j; = (Sg, /5). From Eq. (9) witht = 0 it follows, that
this steady state is locally asymptotically stable if the following condition holds:

p+y+ofUg)>ef 1585 (10)
Returning to Eqg. (9), we choose- 0, and introduce the following notation:
Ac=2u+ @ f(ID) — @ f' IS+
and
Be=—uo f'(I)S* + 12 + wy + o f (L7 + o f (L),
With this notation Eq. (9) becomes
P24 A+ Be —yo fIHe T =0, (11)

Supposed =iv with v > 0 is aroot of Eq. (11) for some Then, after substituting this into
(12) we obtain

—v? 4 Adiv + B, — o f(I1)e " =0,
Then, after separating it into real and imaginary parts, we obtain
{ —v? + By =y f(IF)e ™ cost,
Awv=—yo f(I})e " sin tv.
Thus, upon squaring and adding the last two equations, it gives us the following equation:

v 4 (A% — 2B )v? + B? — 202 f2(1¥)e 2 = 0. (12)
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Theorem 3. Suppose that the conditions

A%2>2B;, and B;>?@?f3(I)e ¥ H (13)
hold for all 0. Then the infected steady stal& = (S}, I*) of system(2) is locally
asymptotically stable

In terms of the parameters of system (2), the two conditions in (13) can be explicitly
written as

w420 F(ID) + (¢ + 2+ @*(f UNSE — U > 20 ' (IF)SE (7 + w
and
12+ 1P+ L £/ UDST + 70 (IDI2 + 9% F2UH (L~ €72
+ 2020 U2y — o f (L) ST+ 2u0)l@ f2UF) — f (1) S
+ 21301 f (IF) — £/ UHSH + 20%puf?(17) > 0.

We have proved that when an endemic steady state is feasible, then under condition (13)
it is locally asymptotically stable.

7. Global stability of the endemic steady state

Choosing a linear incidence rafgl) = I, we return to system (1) and center it at the
endemic equilibriunE? = (87, I}, RY) by introducing new variables as

u1=S—S;k, uz:[—lr* and ug:R—R:.

After substituting these variables, system (1) can be rewritten in the following form:

d

# =—uu1 — @Sup — Quil} + yuz(t — 1)e 1,

dus *

o = @Sup + Quil’ — (u+ Pup,

dus _

o = eyt — e KT — pus. (14)

Now, proving that a trivial solution of system (14) is globally asymptotically stable, will
immediately prove the fact that the endemic equilibridith of system (1) is globally
asymptotically stable. We shall employ Lyapunov functional technique to prove it (see, for
exampld1]). Before embarking on the analysis, we prove the following lemma which will
be used in our further calculations.

Lemma 2. Let the initial data for systerfil) be S(0) = So > 0, I(s) = Ip(s) >0 for all
s € [—1, 0) with Ip(0) > 0andR(0) = Ro > 0. ThenS(r) < max{1, So + Ip + Ro} = M for
all t > 0.

Proof. From Section 2 we know thaf (1) = S(¢r) + I (t) + R(¢) is a monotone function and
N(t) — 1ast — oo. Suppose tha¥ (0) <1. Then,N (r) <1 for all r > 0. From positivity
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of solutions of system (1) it follows that(r) <1 for all# > 0. On the contrary, iiV(0) > 1
thenN (t) < N(0) and, henceS§(r) < N(0) for all # > 0. The proof is complete. [J

Now, let us introduce the following functional:
V() = Swur +up)? + w3+ u),
wherew > 0 is an arbitrary real constant. The derivative/aé
V'(u) = uslyuz — yuz(t — )€ ** — puz] + wl—puy — @Suz — Qual;

+yua(t — €M + @Suz + Quall — (u+ P)u2l(uy + u2)
+ uz(pSuz + Quil} — (u+ y)uz)

or, equivalently,
V()< — s — wp? — wpus — w4+ ugupl—w(p + ) — wp + @I

+ yuousz + (pSu% — yugu(t — 7)€ M + wyuiuz(t — 1)e
+ wyugua(t — V€M — (u+ y)us.

Choosingw as follows:

olr
wW=—
2u+vy
and applying Cauchy—Schwartz inequality taqlt ;-type terms, we arrive at the following
expression:

V() < — pu — wpn? — [wi — oM + (1 +7) + wylu3 + é (U5 + u3)

42 ude ™ 4 Y us(t — 1)e M 4 wy 2g7HT 4 wy us(t — e
2 2 2 2
+ w?/ use™ 4 w?/ us(r — e,

Arranging similar terms in the last inequality gives

Y\ 2 2 1.2
! < — — L — — v) —
Vi) < (,u 2) uz — wpug [(w +Du+7y) — oM 2] us +

1
+ %u%e_m +v (w + E) us(t — e h, (15)

wy o —ut
L yteH
2 1

Assuming thap > y andu+7y/2+ @I — (L u/(2u+7y)) — oM > 0 for sufficiently large
time, e.g.f > 11 + 7, leads us to the following:

Vs Y
V)< —wid = [+ D+ — oM = Z|ui— (n—5)u+
Vo2

1
+7 (w + E) us(t — 1)e M + > use k. (16)

wy o2 e
L yse H#
2 1
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We choose Lyapunov functional to be of the form:
1 —UT ! 2
Uu)=Vw) +7y w—l—é et us(0)do
-7
and, hence,

U' () = V') + 7w + e ud(0) — p(w + e ud(t — ).
Substituting inequality fol’ (1), we get

Y Y wy 5
U/(uz)<—(,u—E)u%—wuu%—[(w—i—l)(,u—i—y)—(pM_E] 2+? ule
1 . 1
-%V(w—%z)uga——ﬂem—%éu%e‘”%—y(w4—§>emu§

1
—y(w+§) S — o). (17)
Therefore,
y v wy
U/(Mt)§—<,u—§—§e’”)u%—(w,u—Te /“)uf
) 1
- [(w +Du+7y) — oM — é -7y <w + E) e_’”i| u3. (18)

The last expression is negative definite provided that

r>max{1|og[ ? } —Ig[ ] 1log[ y(w+1/2) “
L 2—y 2u (w+D(u+y)—eM—y/2}"

A direct application of the Lyapunov-LaSalle type theorem (Theorem 2.5.3 of Kjang
p. 30) shows that lim_, o u; (t) = 0,i = 1, 2, 3. We have proved the following theorem.

Theorem 4. Let the initial conditions for systeifi) be S(0) = So > 0, I(s) = Io(s) >0,
s € [—1, 0) with Ip(0) > 0andR(0) = Rp > 0.Assume further that the parameters of system
(1) satisfy

*

14 «_ el™u
— 4+ ol" >
2T 2u+y

whereM = Sp + Ip + Rp. Then for any immunity time satisfying

? 1 Pl 1 y(w+1/2)
T>mw{ bg[ J #kw[&J bng+Dw+w—¢M—WJ}’

the endemic equilibriunt™ is globally asymptotically stable

+ oM, and @f'(0)>pu+7y,

p>y,  p+

8. Numerical simulations

In this section we study model (1) numerically. All simulations were performed using
the Delay Differential Equations (DDE) suite in Matlfkd].
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0.6 10 11 0.5 UMK
- - R() 1 - - R

0.4, 1
i 03 _n‘

0.2f % { o2r
01f

0 5 10 15 20 25 0 5 10 15 20 25
time t time t

Fig. 1. A solution of model (1) witty (1) =1, S(s) = 1(s) = R(s) =0.5,s € [—1, 0]. Parameter values are=1,
y=0.5,7=0.1, ande varies from 1 to 100.

We begin by considering a case of small time deldfyig. 1represents two different pos-
sibilities which can be realised in this situation. For sufficiently small disease transmission
rateg (such that?g < 1) the disease dies out of the population, and the solutions approach
the globally stable disease-free steady skateOn the other hand, for larger(i.e. o > 1)
the endemic equilibriunk’ is feasible and stable whilEy loses its stability.

In the remainder of this section we concentrate on the case Wien=1/(1+ 1) and
o > 1. In this case, the endemic equilibrium is given explicitly by

o (u+P@u+y—ye 9
foupte J(r 7 = w(%— e hT)’
* * 7k pk * __ Mo —p—=7
Ee= Ol R = = o) e —e )
R — P(p — u—7)(l—e k)
oppt o+ —yel—ethy’
As 1 increases, this steady state can undergo Hopf bifurcation and give rise to a stable
periodic solution. In the beginning £ 1), the amplitude of these oscillations is very small,
and, therefore, this periodic orbit is hardly distinguishable from the steadytatself.
As it is shown inFig. 2 for larger delays the amplitude of the oscillations increases. For
sufficiently larger, stability of E is regained, and initial oscillations arousd are quickly
damped. In the case of linear incidence rate, dynamics of solutions is qualitatively the same
as inFig. 2

9. Conclusions

This paper has been concerned with modelling of a disease dynamics with temporary
immunity period, which is an important feature of many diseases. Previous efforts on incor-
porating delays in epidemic models have been mainly concentrated on inclusion of latency
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Fig. 2. A solution of model (1) withf (1) =1/(1+ 1), S(s) = I(s) = R(s) = 0.5, s € [—7, 0]. Parameter values
areu=0.1,7y =5, ¢ =10, andr varies from 1 to 10.

periods (this assumes that the force of infection at a present time is determined by the number
of infectives in the past). However, it is epidemiologically reasonable to allow individuals
to have immunity for some time after they recover from infection.

We have analytically studied model (1) with a general (possibly, nonlinear) incidence
rate as far as possible, and restricted ourselves to the cgsé)eE I and f (1) =1/(1+1)
later to enable further analytic progress and for the purposes of numerical simulations.
When % < 1, the disease-free steady sté#igis globally asymptotically stable, and no
other equilibria exist. Whe&#g > 1, the steady statEg loses its stability, and an endemic
equilibrium E appears. Using Lyapunov functional technique, we have been able to show
that under certain restrictions on the parameter values and the delay time, this equilibrium
is globally asymptotically stable.

To further investigate our model we resorted to numerical simulations. They show that
for Zo > 1 and a small immunity time, the solutions are represented by small amplitude
oscillations near the steady stdi#. As the immunity period increases, the amplitude of
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these oscillations increases correspondingly. Further increaseetdirns the oscillatory
dynamics to the globally attractive steady-state form. This shows the dependence of a long-
term dynamics of solutions on the immunity period\ realistic extension of this work is to
assume that the immunity time may depend on the particular characteristics of individuals
(such as age, general state of health, loss of immunity due to waning of vaccine, etc.), and
this is currently a work in progress.
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