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ARTICLE INFO ABSTRACT

Keywords: The unprecedented scale and rapidity of dissemination of re-emerging and emerging infectious diseases impose
Hospital beds new challenges for regulators and health authorities. To curb the dispersal of such diseases, proper management
Vafccmﬂ“o“ of healthcare facilities and vaccines are core drivers. In the present work, we assess the unified impact of
Bifurcations

healthcare facilities and vaccination on the control of an infectious disease by formulating a mathematical
model. To formulate the model for any region, we consider four classes of human population; namely,
susceptible, infected, hospitalized, and vaccinated. It is assumed that the increment in number of beds in
hospitals is continuously made in proportion to the number of infected individuals. To ensure the occurrence
of transcritical, saddle-node and Hopf bifurcations, the conditions are derived. The normal form is obtained
to show the existence of Bogdanov-Takens bifurcation. To validate the analytically obtained results, we have
conducted some numerical simulations. These results will be useful to public health authorities for planning

appropriate health care resources and vaccination programs to diminish prevalence of infectious diseases.

1. Introduction

In the pre-modern era, the global spread of infectious diseases
caused high mortality and morbidity with devastating consequences.
However, medical advances, improved access to healthcare, and the de-
velopment of vaccines have contributed to a decline in overall mortality
and morbidity linked to infectious diseases [1]. Nevertheless the burden
of death linked with infectious diseases remains substantial in lower-
and middle-income countries [2]. The ability to minimize the impact
of these possible disease threats depends on appropriate healthcare
services including number of hospital beds. It is impossible to give a
one-size-fits-all answer to the question of how many hospital beds a
country should have per 10,000 people, as it depends on a variety
of factors, such as immunity, fooding habits and environment of that
particular region. However, the World Health Organization (WHO) pro-
vides guidance that this Hospital-beds-population-ratio (HBPR) should
lie between 21 to 165 [3]. By way of example, for Asian countries,
HBPR, per 10,000 inhabitants and mortality linked to infectious dis-
eases (for year 2019), per 10,000 inhabitants is shown in Fig. 1.
Concatenating the aforementioned data, we observe that the countries
with HBPR 29 and higher have low mortality, whereas countries with
HBPR under 10 experienced a high rate of mortality linked to infectious
diseases, Fig. 2. Although mortality related to infectious diseases also
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depends on some other factors (such as lifestyle and seasonal fluctua-
tions) and circumstances, HBPR nevertheless is a core driver to control
of their prevalence.

As we say “prevention is always better than cure”, the vaccine has
been proved to be the strongest footprint in this regard as it has shown
positive results in fighting against infectious diseases [5]. It would be
impossible to predict the effects of vaccines in a counterfactual world
in which vaccines had not been developed. For example, smallpox was
once a widespread and deadly disease, but vaccination against it in
1977 is a monumental leap, that rooted out the disease completely.
From the history of polio and smallpox to the present day of COVID-19,
vaccines have been proven as the savviest way to tackle the deadliest
diseases and have been the shining hope whenever diseases have almost
devastated economies and people’s life. Vaccines have the potential to
root out infectious diseases locally without global eradication and along
with the proper management of healthcare facilities are milestones for
public health interventions.

The relationship between healthcare and vaccines is bidirectional,
as healthcare impacts the dynamics of infectious diseases in the early
stage of their encounter, while vaccines include long-term goals. In this
regard, some mathematical modelers have put their efforts to study the
impact of healthcare facilities or vaccination on disease dynamics [6—
24]. In particular, Abdelrazec et al. [6] proposed a deterministic model
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(d)

Fig. 1. (a) HBPR of Asian countries, per 10,000 people (most recent data available at [4]) (b) Number of deaths in Asian countries due to infectious diseases, per 10,00,000

people [2].
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Fig. 2. Bar plot for HBPR per 10,000 and number of deaths in Asian countries due to infectious diseases, per 1000000 people [2,4].

for the study of dengue fever transmission dynamics as well as the
impact of available healthcare resources on the spread and control
of disease. They concluded that only the basic reproduction number
is not enough for the understanding of disease transmission dynam-
ics, other epidemiological parameters, such as HBPR also drastically
affects disease transmission dynamics. Zhou and Fan [25] have stud-
ied an SIR epidemic model to show the impact of limited medical
resources on the transmission dynamics of infectious diseases. Accord-
ing to their study, the availability and supply efficiency of medical
resources have a powerful impact on the control of infectious dis-
eases. Arino and Milliken [26] studied the effect of vaccination on the
disease prevalence, by adding a compartment for vaccinated individ-
uals to their SLIARS (susceptible-latent-infected-asymptotic-recovered-
susceptible) model and contemplating disease-induced death, waning
infection-acquired immunity, and imperfect and waning vaccination
protection.

The normal questions asked by people in the midst of an epidemic
outbreak are: Can the diseases be rooted out or persist? If the disease
persists, how will the healthcare facilities be managed? How will
vaccination programs be implemented effectively? To answer all these
questions and study the unified effect of healthcare facilities (in terms
of hospital beds) and vaccines on infectious disease dynamics, we de-
vise a mathematical model. Additionally, we consider that the number
of hospital beds is made continuously proportional to the number of
infected individuals.

2. The mathematical model

For the region under consideration, we divide the total human
population into four sub-populations: susceptible (S), infected (1),

hospitalized (H) and vaccinated (V). We consider that recruitment
of individuals in susceptible class occurs at a rate A. In the absence
of vaccines and healthcare facilities (more precisely, the number of
hospital beds), there is a probability that some susceptible individuals
may acquire the infection when they get in physical touch with infected
individuals. This transmission of individuals from S class to I class
occurs at a rate f. The disease-induced mortality is represented by
a. Also, some infected individuals recover on their own and join the
susceptible class, with a self-recovery rate v. The parameter d, repre-
sents natural mortality. The time evolution of the infectious disease
can be modeled mathematically with the help of following system of
non-linear differential equations.

%:A—ﬂSI—dS+vI,

%:ﬂSI—(v+a+d)I,

@

To study the impact of hospital beds and vaccination, we introduce
two new dynamical variables for human population H(f) and V (¢), that
represent hospitalized and vaccinated individuals, respectively at time
t > 0. The sudden increase in the infected population increases the
congregation in hospitals. To fulfill this demand, an increase in hospital
beds is necessary. Thus, we introduce a state variable H,, representing
the increment in hospital beds, that occurs at a rate ¢ proportional to
the number of infected individuals. Due to some financial reservations
and manufacturing errors, some newly created hospital beds do not
contribute and thus decrease at a rate ¢,. The total number of pre-
existing hospital beds is H,. Thus, (H, + H, — H) represents available
number of hospital beds for the use of infected individuals at time
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t > 0. Note that maximum (H, + H,) individuals can be admitted to
hospitals at any time ¢, therefore (H, + H, — H) > 0, and k; is the
hospitalization rate coefficient. Furthermore, we assume vaccination of
the susceptible population transpires at a rate . Due to some inefficacy
of vaccination, a few vaccinated individuals may acquire infection and
join the infected class with transmission rate ;. The constant § and
v, represent extra disease-induced mortality recovery rate of infected
individuals in hospitals, respectively. Using these assumptions, model
system (1) modifies to

Z—f:A—ﬂSI—dS—O'S+vI+v1H,
Z—{:ﬁSI+ﬂ1VI—(v+a+d)I—k1(Ha+Hb—H)I,

dd—ft' = ky(H, + Hy — H)I — (d + 0a + v H, @
Vo ss—av-pVI.

dr
Hy oy

dt - 0b

Here, S(0) > 0, I(0) > 0, H(0) > 0, V(0) > 0, and Hy(0) > 0. Also, all
the considered parameters are non-negative.

3. Basic properties
3.1. Disease-free equilibrium and basic reproduction number

We can see that system (2) always exhibits a unique disease-free
cA
d(d + o)’
sic reproduction number for the proposed model system (2) using

next-generation matrix method [27]. The transmission and transition
matrices in the model system (2) are respectively given as

equilibrium E0<ﬁ,0, 0, 0 ). Now, we calculate the ba-
(o2

Tp=[BST+pVI|, and Ty, = [(v+a+d)I + k;(H, + H,— HDI].

The transmission (new infection) and transition matrices at equilibrium
E, are respectively

_ BA BioA
Tr = [ (d+0) + d(d+o)

], and Ty, = [ v+a+d+kH, |.

Thus,

-1 _ pA BioA 1
Te(Ty)™ = [ ((d+a) + d(d+¢r)> X (v+a+d+k1Hﬂ) ] )

As model system (2) has only one infected class, i.e., I; thus, the
entry in matrix 7 indicates that the rate at which number of infected
individuals are produced in class I, whereas the entry in T, represents
the expected time an individual spends in class I. Furthermore, the
entry in Tp(Ty,)~! is the expected number of secondary infection in
class I produced by a typically infected individuals during his/ her
whole infectious period in a totally susceptible population. Thus, the
basic reproduction number for model system (2) can be written as

Ro— PA + b A [
0" d+o)v+a+d+kH) (@+o)v+a+d+kHyd

3.2. Endemic equilibrium

Now, for any endemic equilibrium E(S,I,H,V,H,), the compo-
nents S, H, V, and H, can be expressed in terms of I as follows

Bold +0a+v, +k, D +a+d) + Kk, ((GoH, +I)(d +0a +v)))

S = ’
dold +0a + v, + k1) (ﬂ + b )
H(y = 1@l DT
dold +0a+ v, +k I)’
V(D)= —%_5(1), and Hy(I) = 21,

d+pD on
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Table 1
The case R, > 1.
A D, Dy Number of positive
solutions of P(I) =0
20> 0 - <0 1
A)> 0 >0 >0 1
20> 0 <0 >0 1 if PU_)PU,) >0
3if PUI_)PU,) <0
2,<0 = - 1
Table 2
The case R, < 1.
A D, D, Number of positive
solutions of P(I) =0
20> 0 - <0 0 if P(I,)>0
2 if P(I,) <0
20> 0 <0 >0 0 if P(1,)>0
2 if P(I,) <0
20> 0 >0 >0 0
20< 0 - - 0

In the above expressions, the coordinate I is a positive root of the
following cubic equation

PU)=D,I> + Dy, /> + D31 + D, =0, 3
where

D, = BBk, [¢>o(a +d)+¢(d + 9a)] )
D, = —pp ok A+ dola + d)[k(fd + pio) + pf(d + Oa + v;)]
+ ky(d + 00)[pB o H, + $(pd + py0)]
+ Pk dv+a+d+k H,)+ ik d¢(d+ 0a+v) —kipygH,],
Dy = —¢okid(Ry— 1)d+o)v+a+d+k H,
= PP1doA(d +0a +v)) +dk(d + o)[p(d + 0a+v|) — k pyH ]
+ ¢ola+d)(d + 0a + v)(pd + fi0) + ¢y H k(d + 6a)(fd + f,0)
+ Bod(d + 8o+ v)(v +a +d + ky Hy),
D, = —ddy(Ry — D@ +0)(d +0a +v))(v+a+d + ky Hy).

From equation P(I) = 0, we observe that D, is always positive, and
D, > 0if Ry < 1, and Dy < 0 for Ry, > 1. Thus, to get a qualitative
analysis of positive solutions of P(I) = 0, we look at the derivative
(dP/dI)=3D,I* +2D,1I + D5 and set A= D — 3D, D;. Then, we have
two cases according to the value of R,.

(i) When R; > 1.
In this case D, < 0. Now, second degree polynomial (dP/dI) has
two real solutions I, and I_ when Ay> 0, which determines the
existence of one or three positive solutions of equation P(I) = 0.
Thus, we have two cases: (a) if I_ <0 < I, or I_ < I, <0,
then equation P(I) = 0 has one positive solution, and (b) if
0 < I_ < I,, then equation P(1)=0 gives three positive solutions
when P(I_)P(I,) < 0 and one positive solution otherwise. Also,
when Ay< 0, the equation P(Z) = 0 gives one positive solution.
These results are summarized in Table 1.

(ii) When R, < 1.
In this case D, > 0. If Ay> 0, then second degree polynomial
dP/dI has two solutions I_ and I, which determines the exis-
tence of zero or two positive solutions for the equation P(I) = 0.
Thus, we have two cases: (a) if I_ <0 < I, or 0 < I_ < I,
then equation P(I) = 0 has two positive solutions if P(I,) < 0
or no positive solution otherwise. (b) If I_ < I, < 0, then
P(I) = 0 will always return to no positive solution. These results
are summarized in Table 2.
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We also observe that if D; < 0, then Ay> 0. Thus, for R, < 1, the

value of P(I,) = 0 gives a threshold value (R;) of R, for saddle-node

bifurcation. Thus, we establish the following theorem.

Theorem 1. The system (2) may admits

(i) Two endemic equilibria ET (with high endemicity) and E; (with low
endemicity) when R;; < Ry < 1, coalesce into E; at Ry = R(’;, and
ceases to appear when R, < R;.

(i) A unique endemic equilibrium E} when R, > 1.

3.3. Stability analysis of obtained equilibria

3.3.1. Disease-free equilibrium
The Jacobian matrix for model system (2) computed at

A cA L
Ey —2—,0,0, —22—0 b
Nad+e " dd+0) >lsgwen Y
Jy =
~(d +0) —B(F) +v vi 0 0
0 (Ry—D)(v+a+d+k Hy) 0 0 0
0 kiH, —(d+6a+v) O O
proA
c - 0 -d 0
0 ¢ 0 0 —g

The eigenvalues of above matrix are

—(d+o0), Ry—Dv+a+d+kH,), —(W@d+0a+v), —d, —¢,.

Here, the four eigenvalues of matrix J, are always negative and the
second eigenvalue is negative for R, < 1 and positive for R, > 1. Thus,
we establish the following theorem.

Theorem 2. The equilibrium E, is locally asymptotically stable for R < 1
and unstable for Ry > 1.

3.3.2. Endemic equilibrium

The Jacobian matrix for model system (2) evaluated at endemic
equilibrium E (either E} or E3) is given by

Jr=
—(d+o+pI) —(pS —-v) Vv, 0 0
BI 0 kI Bl —key 1
0 ky(H,+ Hy— H) —(d+0a+v, +kI) 0 ki1
BV 0 —(d+p 1) 0
0 @ 0 0 —¢
The characteristic polynomial of matrix J* is obtained as
D+ C DY + G + CP? + C, D+ C5 =0, @)
where

C=3d+0a+vi+o+¢y+kI+pI+pI,

Cy =~k I(H, + Hy— H)+ kI +(d + o+ pI)d + 1) + B2V I
+@d+0a+v+¢yg+k )2 +0+pI+p1)
+ ¢o(d +0a + vy + kyI)+ BI(BS —v),

Cy=—K2I(H, + Hy— H)2d + 0 + ¢ + I + p; 1)
— vk BI(H, + Hy, — H) + k pI(3d + 0a + v| + 6 + pI + p, )
+PVIA+o+ B+ (d+0a+v, + ¢+ kD) [(d+0+pI)d
+ /D + VI +do(d +0a+v +k 1)Q2d + 0+ pI + 1)
+(BS =) [BIQd +0a+ v, + g+ k T+ B 1)+ 0B 1],
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Cy= k@I [(d +0a+v)2d + 0+ pI + )+ (d + p1)d + o + 1)
— v Bk, I?
—I3I(H, + Hy— H) [(¢g+d + 0+ pI)Nd + pi 1) + o(d + o + pI)]
—vik\(H, + H,— H) [Ty + pI(d + p,1)]
+PVI+ 0+ pINd + 0a+ v, + ¢y + ki 1)
+dold +0a+v, +k 1) [(d+o+pDd+ 1)+ V]
+(BS -V +0a+v + o+ ki I)[BIE+ B 1)+ 0B
+ ¢oBI(BS —v)(d +0a + v, + k1),
Cs =k pI(d + 0a +v)d + p ) + 0 + )
— vikiI [BId + Py 1) + prol]
— ¢ok2I(H, + Hy — H)(d + o + pI)(d + p, 1)
— poviky(H, + Hy — H) [BI(d + py 1) + pyo1]
+ B2V I(d +0a +v, + Kk I)d + 0+ pI)
+ (S —V(d +0a + vy + k I) [BId + B 1)+ opT].

From the above expressions, it is clear that C; > 0. Thus, using
Routh-Hurwitz criterion, we establish the following theorem.

Theorem 3. The equilibrium E (E} or EJ) is locally asymptotically stable
if and only if all the principle minors of Routh—-Hurwitz matrix of Eq. (4)
(evaluated at E;‘ or E; ) are positive.

4. Bifurcation analysis
4.1. Transcritical bifurcation

To determine possibility of the occurrence of transcritical bifurca-
tion at R, = 1, we take the advantage of center manifold theory [28].
We consider S =y, [ = y,, H =y;, V =y, and H, = ys; thus, the
model system (2) can be written as

dy,

e A= fyy,—dy, —oy;+vy, +viyz 1= [,

dy, .

e Py ya+Byayy —(v+a+d)y, —ki(H, +ys —y3)y, := [,

dys . 5
- = kiH, +ys = y3)yy = (d +0a+v)ys o= £, ()
dy,

o Con- dys = Biyoyvs = fa

dys .

7 =y, — doys = fs.

Here, we choose g as bifurcation parameter. Thus, the Jacobian matrix
for model system (5) around E; at § = g* (or equivalently at Ry = 1)
can be expressed as

A
—d+o) —p(Fz)+v v 0 0
0 0 0 0 0
Jo = 0 k H, -@d+6a+v) 0 0
BroA
o Tk 0 -d 0
0 ¢ 0 0 —¢

The above matrix J, has a 0 eigenvalue and other four eigenvalues
—(d +0), —(d + 0a + v}), —d, and —¢, are negative.

Further, the right and left eigenvectors (respectively, V and W) of
matrix J,, associated with eigenvalue 0 are obtained as

_(£A
5, d[ (([HU) v)(d+9a+v1)+v1lea]
5 d(d +0)(d + 0a +v,)
v =|o|= dk,H,(d + o) ,
b} (=LA — V)@ +0a+v)+vk H, ) - 222 +0a +v,)
4 dro) 1 1k, 7 1
55

¢—¢0d(d+a)(d +0a+v))
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. qr T

w, 0

i, 1
W=| o | =]|0

i, 0

ws 0

Now, we compute the quantities a and b, mentioned in Theorem 4.1
of [28] for model system (2), that are obtained as follows

5 2 5
Lo 0fk .
Zwv,jay and b=2w
i0 ik=1

Thus, we have

_Pf
K oy0p

pA
d +0)

a=2d(d +o)d+0a+v) {(ﬂ*d +ﬂla)[—( —v)d +0a+v)) + vlleu]

ﬂZ

(d+6a+vl)+k2dH d+o0)- fk d(d+6)(d+€a+vl)}

and b = A(d + 6a + v;) > 0. Now, if we put a = 0, we get

—L,+/L}+4dH,d +0)L,
K=

1 2dH,(d + o)

B

where L, = v, H,(f*d + ,0) — —k,(d + 6)(d + 0a + v;), and

. . B A BioA .
L,=(d+0a+v)) |(B*d + p0) (m - v) + |- Thus, we establish

the following theorem.

Theorem 4. For R, = 1, the system (2) exhibits backward transcritical
bifurcation if k, > ki and forward transcritical bifurcation if k, < kJ.

4.2. Saddle-node bifurcation

Our aim here is to demonstrate the existence of saddle-node bifurca-
tion for model system (2), for which we use Sotomayor’s theorem [29].
Since R, is a function of g, we take p as a bifurcation parameter.
From the above analysis, it is evident that model system (2) has a
unique equilibrium Ej at Ry, = R (or equitably f = f;). Therefore,
Jacobian matrix J; (Jacobian matrix for model system (2) computed
at E;) has a eigenvalue 0, if C5(f)) = 0. Let Uy = (uyy, upy, U3y, gy Usg)"
and U, = (uyy, Uy, U3, iy, Usy), sequentially represent the left and right
eigenvectors of matrix J; associated with eigenvalue 0, where

uy =(d+ B I [-(BST —v)(d + 0a + v, + k| I})
+ vk <Ha +Hy,— Hy + (%I:)] ,
)

Uy =@+ I5)d+0+p I_;‘)(d +0a+v + ki I3),

uyp = ky(d + B I)d + 0+ f1I3) <H,,+H,,§ - Hj + 2I;“),

%o
uy =0 [—(BS; —v)(d + ba + v, + k I}) + viky (H, + H,; — H}
[ )
+ Iolg')] =BVy(d+o+ I+ 0a+ v, + ki I])
_¢
Usy =

¢To(d + ﬁllj)(d +0+ ﬂ,I;‘)(d +0a+v + kll;),

upy = Go(d + 0a + vy + k I3 [B L5 + B I}) + opy 1],
Uy, = ¢o(d + p; 13*)(d +o+p l;‘)(d +0a+v + kll;‘),
uzp = o vy (BI5(d + B IY) + 0By Iy) + ke I;(d + B I)(d + 6 + B 13)]
g = Piol;(d + o+ fI)d + 0+ v + ki I7),
us, = —k11*(d +ﬂ11*)(d +o +/i,1*)(d +0a+v +k; 1*)
+k I v (BT + B ) + o I5) + ky I(d + B I + o + BI3)] -

Let & = (@1,@2,@3,@54,@5), where @1, @2, @3, @4 and @55 are right
ds dI dH dV

hand sides of —, —, —,
dt’ dt dr > dt’

dH . .
, and d—”, respectively in model
t
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system (2). Then

B, = Uz.%

o = qudS;*I;‘(d +o +ﬂ11§)(d +0a+v + k113*) >0,
3Pl

and

By = U [D¥ 1y, BULUY)|

(E3.Bp)
= 2uy [y (uzp — uyn) + Prug (uzy — ugy)l

Therefore, if %, # 0, then the conditions of Sotomayor’s theorem are
met for the existence of saddle-node bifurcation. Thus, we state the
following theorem.

Theorem 5. For R, = R, the model system (2) undergoes a saddle-node
bifurcation at equilibrium E7, provided %, # 0.

4.3. Existence of Hopf bifurcation

To show that model system (2) experiences Hopf bifurcation at
equilibrium Ej, we choose § as a bifurcation parameter. Since all the
coefficients of characteristic Eq. (4) can be expressed as a function of
f; therefore, we have

@3 + C(HD* + C(HP? + C3(HP* + C(H)P + C5(B) = 0. ()

The Eq. (6) has a pair of purely imaginary solutions @, = +i \/5_0,
& > 0 if and only if it can be written as

Q®P) = (P* + £)G(P), where G(P) = @ + LD + L, + L.

Thus, we have

Q@) = @ + LD + (L) + E)D” + (L3 + L1 E)D? + L5 @ + L3&.  (7)
Equating the coefficients of Egs. (6) and (7), we have

Ci=Ly, C=Ly+ &, C3=L3+ L&, C=Lyg, and C5 = L34

For the consistence of above relations, we have

B —Cly+Cy =0, (& —C36)+C5 = 0.

The elimination of &2 gives

(G =C1G)ép =C5 = GGy ®
Thus, Eq. (6) can be written as

Q@) = @ + C,0* + (0% + G307 + £)(C, — E)D + & (C3 — Ci&). (9

If (C5 — C,Cy))(Cs — C,Cy) > 0, then from Eq. (8), we have

* CS
5() = 50 = C
Substituting &, = 5; in Eq. (9), we find that Egs. (6) and (9) are identical
if and only if

@ =(C3 = C1Cy)(C5Cy = C3Cy) = (C5 — C,Cy)* = 0.

Thus, the necessary and sufficient conditions under which the polyno-
mial §(®@) = & + C,®* + (C, — &)@ + C; — C,&, does not have zero solution
is

—C& #0.

The polynomial G(¢) has all solutions with negative real parts if and
only if all leading principal minors of the matrix

Ly L3 O C, G -=C¢& 0
1o, o |=| 1 ¢-¢g 0
0 £, L 0 ¢ G —Ci&

are positive (i.e., the conditions of Routh-Hurwitz criterion are satis-
fied). The positivity of the determinants leads to the conditions

€, >0, CiCy—Cy3>0, C3—Ci& > 0.
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Fig. 3. Bifurcation plots in R, — I* plane

To complete the discussion, it remains to verify the transversality
condition. The function ¢(f) can be expressed in the form of Orlando’s
formula as
@) = (D + D) (@) + D3)(D| + DD, + Ds5)( D, + D3)

(D + DY) (D + D5) (D3 + DY) (D3 + D5)(Dy + Ds).
As () is a continuous function of all its solutions, there exists an
open interval X; = (§ — 6,5, + §), where @ and &, are complex
conjugates for all § € X, . Let there general form in this neighborhood
be @,(f) = &(B) + i& (), Pr(H) = & () — i&(P) with &(f) = 0, and
&P = \/5_0 > 0, while Re{®;45(f))} # 0. Then, we have
() =25 {(®3+ &) + E} {( @4+ &) + &} {(®5 + &) + &}

(D3 + DY) D3 + PY)( Py + P5), @(f) =0

Differentiating with respect to f and putting = §,, we obtain

[dfp(ﬂ)

y ] = [2(&2 + P& + PI)E + D)@ + D)
B p=p,

déi(p)
dp p=p"

Since the solutions @; 4 s have negative real parts at § = f;, therefore

[dé‘l(ﬂ)] £0 [drp(ﬂ)] £0.
B=h B=p

(D5 + Ds)(Dy + Ds)

dp dp

Thus, the transversality condition holds and we establish the following
theorem.

Theorem 6. When the disease transmission rate f exceeds the critical
value B, the proposed system (2) enters into Hopf bifurcation around the
endemic equilibrium EY if the following necessary and sufficient conditions
are satisfied.

@ @) = [CG3(B) = CLBICLBY] [Cs(BNC2(B) = C3(BC4(B))]
- [esB) - CiBC @] =0

B Ci(B) >0, C(BICB) = C3(By) > 0, C3(B) — Ci(Bpéy > O,
0T Gl -CBICE) T
do(p)
(© [—] #0
dp =

4.4. Bogdanov-Takens bifurcation

From Theorem 2, it is clear that endemic equilibria E{(SY, I}, H},

1t
Vl*, H ;‘1) and E*(S;‘, I;, H * V* H * ) collide and unite into equlhbrlum

I

Mathematical Biosciences 368 (2024) 109133

ot Ry = 0.995 Ry =1.002
60 8
8 =~ 40 -6
- 20
7 4
0
6 100 200 300 400 1000 2000 3000
Time Time
5t
4r Ry = 0.997
3t
o SN
e N
o 2000 4000 6000 8000 10000
. . . Timg .

0.996 0.997 0.998 0.999 1
Ry

(b)

1.001 1.002 1.003 1.004

for (a) k, = 0.00085 (b) k, = 0.001.

E;(S3, I3, HY, V) HY ;) at Ry = R} Thus, there is a possibility for the
existence of Bogdanov—Takens (BT) bifurcation of co-dimension 2 at
equilibrium E3. Therefore, to determine the conditions under which

proposed system experiences BT bifurcation of co-dimension 2, we use

the transformation S = .S — S35, I=1- I;, H=H- H}, V=Vv- vy
and A, = H, - H,}. Thus, we get
s 7 Ky —-pSi
I i BST+pVi—k (H,-H)I
a |-z 8 |+ ky (A, — 1) 1 (10)
1% 1 /i ) i
H, H,

If C4(E ) = CS(E*) = 0, then the matrix J3 * (Jacobian matrix for
model system (2) evaluated at E*) has zero elgenvalue with algebraic
multiplicity 2. For this analysis, we use a; =d +0a+v, +k;I] and a, =
d+p I5. Now, the generalized eigenvectors associated with eigenvalues

- A A A AT N oA A A T
D, =0areV, = [0117U21=U31’U417051] and V, = [Ulzv v22,032,v42,0] 5

where
[,
Ry 5 R
%o 3)]

0y = ajay(d + 0 + BI), 03 = ay(d + o + pI}) [kl(Ha +H,; - Hy)+k,

b =a, [—al(/}S;‘ -V +y (kl(Ha+Hb’3" —H;‘)+kl

P .
2,
i

0y =—Pa\Vi(d+o+pI}) + 0 [-a,(fS; —v)

¢

vy (kl(Ha +H,; - Hy)+ klt?o

1;)]’ Os, :“1”2%(614'0'4'/”3*),

012 = ay [=a,(BSY = )05y + vy (ki(H, + H,j = Hy)bs; — $03,) — day0yy]
Oy = ayay(d + o + fI3)0s;,

b3y = ay(d + o + PI3) [k, (H, + Hy; — H;)b5, — dpdy|

04 = 0 [~ay(BS; = V)0s; + vy (ky(H, + Hy; — H})0s; — d031) — day0yy]

— BiViay(d + o + BI})Ds;.
Now, the eigenvectors corresponding to the eigenvalues @5, @, and

o WA A o T
‘Ds are V; = [0137112%,”33%”43»”53] s Vy = [014, 024, 034, 044, 0s4] ", and
= [015. 025, 035, 045, 055, Where

013 = (a, + @) [~(a) + D)y + P3)(BSE —v)
+ vy (ky(H, + Hy; — H)($y + D3) + k13|,
= (a; + D;)(a, + D3)(py + D3)(d + 0 + D3 + 1),
=(a, + D;)d + 0 + D3 + I3) [k, (H, + Hy; — H)) o + D3) + k15|,
Oy3 = —pV5'(a) + @3) (g + D3)(d + 0 + D3 + fI)
+0 [—(a) + @)y + PNBS; —v) + v, (k(H, + Hy; — HY) by + D)+ kyp15)]

Ds3 = Pla; + @3)(ay + D3)(d + 0 + D5 + BI7),
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b1y = (ay + By) [~(a, + D)y + D(PBS; — V)
+ v (ky(H, + Hy} = H}) ¢ + @) + ki1,
Dy = (a) + @y)(ay + D) (Py + P)d + 0 + Dy + 1),
b3y = (ay + D)(d + 0+ Dy + BI}) [k (H, + Hy; — H}) (o + D) + k1],
D4q = —pV5(a; + @) Py + P,)(d + 0 + Dy + fI)

+o [—(al + @) (g + PBS; —v) +v, (kl(Ha + Hyy — Hy)(¢y + Py) + kl¢1;)] s

sy = Pla; + Dy)(ay + P, + 0 + @y + 1),
015 = (a3 + ¢5) [~(a; + D5)(¢y + P5)(BS; —v)
+ vy (ky(H, + Hys = H}) (o + ®5) + k I)]
Oys = (a) + ¢s)(a, + D5)(dy + Ps5)(d + 0 + Ds + BI),
035 = (ay + Ds)d + 0 + @5 + BI;) [k (H, + Hy; — H} )y + Ps) + k1],
D45 = —PV3(a) + @s5)(dy + Ps)(d + 0 + D5 + PI3)
+0 [—(a, + D5) (g + P)BS; —v) + v, (ky(H, + Hy; — H) o + P5) + k ¢1)]

Oss = ¢la; + @s)(ay + Ds)(d + 0 + Ds + PI).

Now, we consider M = [\71,\72,\73,\74,\75] and use the following
non-singular transformation to reduce the system (10)

S 4]
I 1,
A [=m| 1;
14 ¥,
H, ¥

Let the inverse of matrix M is given by
My Mg Mgy Mgy Wys
My iy My iy His
M =| sy s 33 My, dgs |. Then, the system (10) be-
Bgp Py Buy gy s

Msy  Msy  Msy M5y Mss

comes

>

[ = Vot PP+ BtV + B ¥7 + 0 (|70 92, %5, Vi B )
) = Q20Y12 +0n 1)+ QAozf’z2 +0 (|171,?2,?3,?4,Y5‘2>,

=0ty 10 (|7 VT ). an

>

>

w

AR (R R R A A

V! = ¢s5¥s +(9(|Y1,Y2,Y3,f’4,f’5‘2),

where

Poy = —Piiny D1y Dy + k130 (D5 = D31) = Pyt 041021
Pyy = =Py (04,00 + D1p091) + ity 0 (BO1, + By Dy + K 032)

+ i3 [k Dyp(Ds5y — D31) — Ky D3pDay| — Byt 4(Dyy Dy + Dyy 3y),
Py = =iy D150y + 112099 (B0 + gy + Ky D3)

— k30003 — 11111404209,
On = =iy 0y, 0y; + ky g3 0, (Ds) — D31) = Py 1ings D41 Dy,
011 = —Pring (D113 + D12Dyy) + gy D (P13 + By Dgy + ey D)

+ rity3 [klﬁzz(f’ﬂ —031) - k1ﬁ321721] — Pyiigg (D41 00y + D4y 0y),
Opp = —Piiy D120 + 1ty D3y (B + Py + ki D3)

— kyip3000 091 — i1y Dyp 0.

The system (11) confined to the center manifold.

>

1?1’: 2+I320)?12+I311)A/1}A’2+1302}A’22+(9<|)?1,)?2|2), 12)
V) = 0¥} + 0y 1Yy + 0077 + 0 (|70 1o ).
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Considering the near-identity transformation
F =W+ L (B +00) W24 B+ 0 (\w,ﬁf) ,
= 0= i+ 0040 (.3,

and re-write the system (12) in ¥, and Y,, we obtain

V=1,
Y] = D72 + 9, ¥, Y, +(‘)(‘YI,Y2‘2)A

Here, 9,, = O, and 9|, = P,; +2Py,. Thus, we establish the following
theorem.

Theorem 7. The model system (2) exhibits BT bifurcation of co-dimension
2 around the equilibrium E; provided Dy #0and D), #0.

5. Numerical simulations

To conduct the numerical simulations for the model system (2), we
take a set of parameter values, given in Table 3, for which R, ~ 1.2967
and the components of unique endemic equilibrium E} are

S;‘ ~ 382, I;‘ ~ 32, Hf ~ 123, Vl* ~ 745, and Hb’l‘ ~ 72.
The eigenvalues of Jacobian matrix J* are obtained as
—0.0092, —0.0095-0.033i,—0.0095+0.033i, —0.047—-0.010i, and —0.047+0.010i.

We note that one eigenvalue is negative and other four eigenvalues
have negative real parts, which guarantees the local stability of unique
endemic equilibrium EJ.

5.1. Bifurcation results

In this section, we provide the bifurcation diagrams in Figs. 3-10
to substantiate the analytically obtained bifurcation results. At point
‘BP’, transcritical bifurcation occurs, where disease-free equilibrium
changes its stability to endemic equilibrium. Point ‘SN’ represents the
occurrence of saddle-node bifurcation. This phenomenon of saddle—
node bifurcation represents the collision and disappearance of two
endemic equilibria. The Hopf bifurcation point is represented by ‘H’,
where limit cycle (stable or unstable) originates from or ceases at
the Hopf bifurcation point. Further, point ‘LPC’ represents limit cycle
bifurcation, where two limit cycles (one stable and one unstable) collide
and annihilate each other. The point ‘BT’ denotes the BT bifurcation of
co-dimension 2. Around this point, three co-dimension 1 bifurcations
occur: saddle-node, Hopf and homoclinic bifurcation. The homoclinic
bifurcation is represented by ‘Hom’. This is the point, where limit
cycle (stable or unstable) collides with a saddle equilibrium and ceases
to appear. The point ‘GH’, represents generalized Hopf bifurcation.
This point separates the branches of supercritical and subcritical Hopf
bifurcations in the parametric plane. For nearby parameter values,
model system (2) demonstrates two limit cycles that come into collision
and annihilate each other via saddle-node bifurcation.

(a) Transcritical bifurcation: We first study the effect of hospitaliza-
tion rate coefficient k; on model system (2) with bifurcation parameter
R, (obtained by varying p). For this, we have plotted the equilibrium
curve in R, — I* plane for different values of k;. For k; = 0.00085,
equilibrium curve shows the transcritical bifurcation in forward direc-
tion at R = 1, Fig. 3(a), which insinuates that disease-free equilibrium
changes its stability at R, = 1.

Biologically, for k; = 0.00085, we can infer that if R, < 1 (which
can be achieved either by increasing the number of hospital beds or by
increasing the vaccination rate), the disease can be rooted out from the
population. The increase in hospital beds reduces the waiting time of
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Table 3
Parameters’ description of proposed system (2) and their values used in numerical simulations.
Parameter Description Value
A Immigration rate 20 person day !
d Natural mortality rate 0.0105 day!
ky Hospitalization rate coefficient 0.001 day!
B Transferral rate of individuals from susceptible to infected class 0.000392 person~! day~!
B Transferral rate of individuals from vaccinated to infected class 0.00015 person~! day~!
v Hospital recovery rate 0.0025 day~!
H, Number of hospital beds 100
a Disease induced death rate 0.2 day!
c Vaccination rate 0.03 day!
v Self recovery rate 0.002 day!
0 Disease induced mortality coefficient of hospitalized individuals 0.0001
¢ Rate of increasing new hospital beds 0.02 day!
by Rate at which new hospital beds reduces 0.009 day!
20
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Fig. 4. Bifurcation plot in R, — I'* plane for (a) k, = 0.001215 (b) k, = 0.00125.

infected individuals to get the treatment, also increase in vaccination
rate drives more susceptible population to vaccinated class, which can
reduce the transmission rate and hence the disease prevalence. Further,
for k; = 0.001, the transcritical bifurcation changes its direction to
backward, Fig. 3(b), which indicates that R, < 1 is not enough to elim-
inate the disease. Thus, to eradicate the disease from the population,
more efforts are needed to push R, less than threshold R; = 0.9965.
Moreover, if R, € (0.9965,1), the eradication or prevalence of the
disease depends on the initial size of the infected population, which is
shown through variation plot with respect to time ‘#’ for Ry, = 0.997 €
(0.9965, 1).

(b) Supercritical Hopf bifurcation: For k; = 0.001215, the model
system (2) exhibits two Hopf-points H, (R, ~ 0.9778) and H, (R, ~
0.9926). Between these two critical values of R;, the model system
(2) demonstrates a self-excited stable oscillatory solution, which means
that there will be a periodic outbreak of epidemic whenever R, €
(0.9778,0.9926), Fig. 4(a). We observed that due to the presence of
a stable limit cycle, the number of infected individuals oscillates in
a range dependent on the amplitude of the stable limit cycle. Since
the number of infected individuals fluctuates continuously, healthcare
managers and policymakers will have difficulties in making strategies
to diminish its prevalence. Further, for k; = 0.00125, the model system
(2) again exhibits a stable limit cycle via supercritical Hopf bifurcation
at Ry ~ 0.9996, which ceases to appear through homoclinic bifurcation,
Fig. 4(b).

(c) Subcritical Hopf bifurcation and limit cycle bifurcation: For k; =
0.0016, the proposed model system (2) enters into limit cycle oscilla-
tions via subcritical Hopf bifurcation, Fig. 5(a). From this figure, we
observe that when R, € (0.9882,0.9902), the unstable endemic equilib-
rium surrounds itself with a stable limit cycle. Further, this unstable
endemic equilibrium turns into stable focus and covers itself with one

unstable and one stable limit cycle when R, € (0.9902,0.9938). These
two limit cycles dissipate by colliding each other at R, ~ 0.9938. For
R, € (0.9882,0.9938), the solution trajectories either approach to stable
focus or stable disease-free equilibrium or the periodic fluctuations
arise, according to the initial values of infected population. Therefore,
for R, € (0.9882,0.9938), this complex behavior depicts that either the
disease persists or dies out from the community depends on the initial
size of infected population. To understand this complicated dynamics
when R, € (0.9882,0.9938), we sequentially plot phase portraits in
S — I —V space for Ry = 0.989 and R, = 0.991 in Figs. 5(b) and 5(c).
From Fig. 5(b), one can note that the solution trajectory (green curve)
approaches to disease-free equilibrium and the solution trajectory (blue
curve) spiral outward to the stable limit cycle (black curve) as 1 —
0. Moreover, for R, = 0.991, system (2) generates one stable limit
cycle (black curve) and one unstable limit cycle (between red and blue
curves), Fig. 5(c).

Further, for k; = 0.00169, the model system (2) again enters into
oscillatory fluctuations via subcritical Hopf bifurcation, Fig. 6(a). This
figure depicts that for R, € (0.9814,0.9857), around a stable focus an
unstable limit cycle appears. Further, when R, € (0.9857,0.9886), this
stable focus covers itself with two limit cycles (one stable and one
unstable) and these two limit cycles collide and annihilates each other
at R, ~ 0.9886. We also generate the phase portrait in S — I — V' space
for Ry = 0.983 € (0.9814,0.9857) and R, = 0.0987 € (0.9857,0.9886) in
Figs. 6(b) and 6(c), respectively to understand this complex dynamical
behavior. From Fig. 6(b), it is clear that as + — oo, solution trajec-
tories either approach to disease-free equilibrium or stable endemic
equilibrium.

For k; = 0.00186, the model system (2) enters into subcritical
Hopf bifurcation at R, = 0.9624 and the stable endemic equilibrium
covers itself with an unstable limit cycle. The generated unstable limit
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Fig. 5. (a) Bifurcation plot in R,—I* plane for k, = 0.0016 (b) Phase portrait in S — 71—V space for k, = 0.0016 and R, = 0.989 (c) Phase portrait in .S —I -V space for k; = 0.0016

and R, =0.991.

cycle ceases to appear through homoclinic bifurcation at R, ~ 0.9775,
Fig. 7(a). In this case, the solution trajectories either approach to stable
focus or disease-free equilibrium. The phase portrait in .S — I — V space
for Ry = 0.965 is shown in Fig. 7(b).

Further, when we plot equilibrium curve in R, — I plane for g, =
0.0058, v; = 039, « = 0.065, k, = 0.02296, H, = 418 and ¢, =
0.09, it is observed that the equilibrium curve comprises of two SN
points (at Ry =~ 0.0.93 and R, ~ 1.0105) and two Hopf points H; (at
Ry ~ 1.043) and H, (at R, = 1.0056), Fig. 8. The existence of two
saddle-node points indicates that the equilibrium curve displays three
distinct branches. Consequently, the system exhibits three endemic
equilibria for R, € (1,1.0105). Also, the presence of Hopf points results
in the destabilization of all three branches of the equilibrium curve.
Moreover, the Hopf point H, is of subcritical in nature, resulting in
the stable endemic equilibrium being surrounded by two limit cycles.
Among these, the inner limit cycle is unstable, while the outer one is
stable. A collision between these two limit cycles occurs, followed by
their disappearance through a limit cycle bifurcation at approximately
R, ~ 1.045. The stable limit cycle further experiences a homoclinic
bifurcation at R, ~ 1.00158. Furthermore, Hopf point H, exhibits a
supercritical nature. This means that an unstable endemic equilibrium
is encircled by a stable limit cycle, which, in turn, is covered by
an unstable limit cycle. These two limit cycles undergo a limit cycle
bifurcation at approximately R, ~ 1.002, and the unstable limit cycle
experiences a homoclinic bifurcation at R, ~ 1.0015.

(d) Bogdanov-Takens bifurcation:

To show appearance of BT bifurcation of co-dimension 2, we choose
R, and k; as bifurcation parameters. In Fig. 9(a), homoclinic (Hom),
saddle-node (SN), and Hopf (H) curves join at the ‘BT’ point and dispart

the R, —k, plane into four regions. In these regions, system (2) exhibits
four different dynamical behaviors.

(i) At BT point (R, k), the proposed model system (2) has a saddle
endemic equilibrium and a disease-free equilibrium. In this case,
all the solution trajectories approach to disease-free equilibrium,
Fig. 9(b).

(ii) For the values of R, and k; from Region I, model system (2)
has only disease-free equilibrium. Therefore, solution trajecto-
ries move towards disease-free equilibrium irrespective of their
initial start. The phase portrait in .S — I — H space for (R, k) ~
(0.974,0.0012) € Region I is shown in Fig. 9(c).

(iii) The model system (2) exhibits two endemic equilibrium and
both are saddle in nature for the value of R, and k, from Region
II. In this case also, all the solution trajectories approach towards
disease-free equilibrium. The phase portrait in S—1— H space for
(Rg k1) = (0.979,0.0012) € Region II is represented in Fig. 9(d).

(iv) In Region III, model system (2) exhibits two saddle endemic
equilibria. Saddle equilibrium with high endemicity surrounds
itself with a stable limit cycle and hence all the solution tra-
jectories either spiral towards stable limit cycle or approach to
disease-free equilibrium. The phase portrait in .S — I — H space
for (Ry, k;) ~ (0.979,0.00121) € Region III is shown in Fig. 9(e).

(v) For the values of R, and k; belonging to Region IV, model
system (2) has a saddle and a non-saddle endemic equilibrium.
Thus, the solution trajectories either move towards disease-free
equilibrium or stable endemic equilibrium. The phase portrait
in S — I — H space for (R, k;) =~ (0.975,0.00123) € Region IV is
shown in Fig. 9(f).
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(e) Generalized Hopf bifurcation: We choose k; = 0.0013 and ¢ = 0.05
to show the occurrence of generalized Hopf bifurcation. The curve in
p — a plane comprises two points (GH and BT) and three curves (blue,
green and red), Fig. 10(a). Model system (2) exhibits subcritical Hopf
bifurcation at red curve and supercritical Hopf bifurcation at green
curve. At the blue curve, system (2) undergoes saddle-node bifurcation.
The homoclinic orbit at BT point in S — I — H space is shown in
Fig. 10(b). The purple point below the red curve in Fig. 10(a) is the
point, we choose to plot the phase portrait in Fig. 10(c). Fig. 10(c)

shows that two limit cycles bifurcate from the stable focus. The trajec-
tory (red curve) spiral inward to the stable focus and the trajectories
(green and blue curves) spiral toward stable limit cycle.

5.2. Impact of vaccination and healthcare facilities

To recognize the impact of hospital beds and vaccination on the
infectious disease prevalence, we have plotted variation in the value
of R, by varying hospitalization rate coefficient k; and vaccination
rate o, Fig. 11. Here, it can be easily noted that for small values of

10
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k, and o, value of R is higher, whereas on increasing the value of k;
and o, value of R, decreases. This figure depicts that for the higher
values of these parameters, R, becomes less than unity, which may
ceases the feasibility of endemic equilibrium. Thus, from this figure, it
is possible to obtain the required values of k; and ¢ in order to achieve
a disease-free equilibrium.

Further, we generate the bar diagram for percentage of equilib-
rium level of infected individuals, hospitalized individuals, vaccinated
individuals and disease-related deaths for 50%, 60%, 70%, 80% and
90% effectiveness of the vaccine, Fig. 12. To generate this bar plot,
we choose f# = 0.0013 and k; = 0.00006. This figure depicts that as
the effectiveness of vaccine increases, the percentage of individuals
in the infected class decreases. The vaccine with high effectiveness
also reduces the surge of patients in hospitals and disease-related
deaths. As we increase the effectiveness of vaccine from 50% to 90%,
the percentage of individuals in the infected class and disease-related
deaths decrease by 8.09% and 1.619%, respectively

In Fig. 13, we have made graphs by varying hospital bed increment
rate (¢) and vaccination rate (¢) for a fixed equilibrium number of
infected individuals. In this figure, each curve provides different com-
binations of ¢ and o, which will determinate a particular number of
infected individuals for the chosen set of parameter values. From this
figure, we can obtain the possible set of values for ¢ and ¢ to maintain
a particular level of infected individuals’ equilibrium value.

Moreover, we have generated the bifurcation plot in ¢ — I* plane,
Fig. 14. From Fig. 14(a), we observe that if we start increasing the
parameter ¢, the equilibrium level of infected individuals starts de-
creasing till ¢ = 0.02671. Further, the system enters into stable limit
cycle oscillations via supercritical Hopf bifurcation, and these oscil-
lations ceases to appear at ¢ = 0.06395. Between these two points,
the number of infected individuals fluctuates depending upon the am-
plitude of the stable limit cycle. Afterwards, the equilibrium level
of infected individuals eventually declines to zero. In Fig. 14(b), the
system enters into limit cycle oscillation via subcritical Hopf bifurcation
at ¢ = 0.01517 (marked with H;). In the left side of H;, the stable equi-
librium covers up itself with two limit cycles (inner one is unstable and
outer one is stable). These two limit cycles collide and cease to appear
limit cycle bifurcation at ¢ = 0.01502. Thus, ¢ € (0.01502,0.01517), all
the solution trajectories approach to either stable equilibrium or stable
limit cycle. Further, in the right side of point H;, stable focus becomes
unstable and covers itself with stable limit cycle and the limit cycle
ceases to appear via supercritical Hopf bifurcation at ¢ = 0.05769. Thus,

11

¢ € (0.01517,0.05769), all the solution trajectories approach stable limit
cycle. This implies that, the number of infected individuals fluctuates
depending on the amplitude of the limit cycle.

6. Conclusion

In epidemiology, healthcare facilities (more precisely number of
hospital beds) and vaccines are cornerstones in the management of in-
fectious diseases outbreak and the surest mean to decline the epidemic
risk. In the present work, we have proposed and studied a mathematical
model to stimulate the impact of healthcare facilities in terms of
number of hospital beds with vaccination. We considered that with
the increase in infected population, the number of beds in hospitals
is also increased. We have provided a detailed study regarding the
stability of endemic and disease-free equilibria and the possibility of the
existence of different kinds of bifurcations. The proposed model system
can have two endemic equilibria when the basic reproductive number is
below unity. The dynamical properties of the proposed model system
include the co-existence of two limit cycles, bi-stability (disease-free
equilibrium and endemic equilibrium or endemic equilibrium and limit
cycle) and tri-stability (disease-free equilibrium, endemic equilibrium,
and limit cycle).

Using the center manifold theorem for transcritical bifurcation, we
obtained a threshold quantity for hospitalization rate coefficient. The
direction of transcritical bifurcation is forward when the hospitalization
rate coefficient is lower than the threshold quantity, which implies
the disease can be rooted out if the basic reproduction number is
less than 1, and persists if greater than 1. For hospitalization rate
coefficient above the threshold value, the disease-free zone can be
increased, but at the same time, the surge of patients in hospitals
may take place, which causes a complex situation through backward
bifurcation. The development of policies to diminish the prevalence of
an infectious disease will require some additional precautions in this
scenario. Since a stable endemic equilibrium co-exists with the disease-
free equilibrium; thus, the basic reproduction number below unity is
a sufficient condition to root out the disease from the population only
when the number of infected individuals is small enough.

Further increase in hospitalization rate coefficient, large-amplitude
oscillations are observed in our model, which provide a more rea-
sonable explanation for disease recurrence. Through the numerical
simulations, we have shown that the system is stable for the small
values of disease transmission rate (or equivalently basic reproduction
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number) and enters into limit cycle oscillations after a certain thresh-
old. Thus, on increasing the value of disease transmission rate, the
number of infected individuals fluctuates in a range depending on the
amplitude of the limit cycle. Since the number of infected individuals
oscillates continuously, healthcare managers and policy-makers will
have difficulties in making strategies to diminish the prevalence of
infectious disease. Further, it is shown that the proposed system experi-
ences saddle-node bifurcation with respect to the disease transmission

12

rate as well as BT bifurcation of co-dimension 2. The scenario of BT
bifurcation depicts that, for the nearby parameter values of ‘BT” point,
the formulated system exhibits two limit cycles, which is not requisite
from the public health standpoint.

The simulation of the proposed model depicts interesting results. We
found that for the higher rate of vaccination and hospitalization, basic
reproduction number becomes less than unity, which ceases the exis-
tence of endemic equilibrium. Also, by increasing vaccine effectiveness
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from 50% to 90%, we can reduce the number of infected individuals Our study shows that the disease transmission dynamics depends
as well as mobs in hospitals. Also, based on the numerical results, on more than just the basic reproduction number. The dynamics of
for the selected set of parameter values, it is possible to calculate the disease transmission is also greatly influenced by other epidemiolog-
required values of increment rate of hospital beds and vaccination rate ical parameters (such as hospital beds and vaccines). Moreover, the
to maintain a particular number of infected individuals. outcomes of our study might be helpful to public health authorities

13
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in developing their plans for allocating resources in order to diminish
infectious disease transmission in the future.
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