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Cauchy Problem

> Navier-Stokes equations

Orv(x,t) + v(x,t) - Vv(x, t) — Av(x, t) + Vq(x, t)
div v(x, t)

0
0

for (x,t) € R3x]0, oo



Cauchy Problem

> Navier-Stokes equations
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» initial condition

v(-,0) = w() € CFo(R?)



Blowup Time
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Blowup Time

» T is a blowup time if

M(t) = sup |v(x, t)| = o0
x€R3

ast— T -0

» Question is whether or not T = oo



Leray's Necessary Conditions

C
e

Other norms blow up:
1
)l = /| =
(T—1)2
C

Vv (-, t)]l2 > m



Limit Case p =3

dt, — T ”V(‘7 tk)H3 — 00

Question:
lv(:, t)]]3 — o0 as t— T7?

)

if there exists ty — T s.t. sup||v(-, tx)|3 =0 M < oo, then T is
k

not a blow up time



Negative Issue

Assume that there exists a function f such that f(¢) — oo as
e — 0 and
Iv( )z = F(T — 1)

Indeed, if
Iv(-0)lls = £(T),
then for v (y,s) = Av(Ay, \%s)

Iv(-,0)lls = [[VA(-,0)lls > F(T/A?) — oo

as A — oo
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|. Scaling with a parameter proportional to the distance (in
time) to blowup

» Il. Decomposition and local energy estimates of a scaled

solution

> IIl. Limiting procedure giving a non-trivial local energy
solution (in the sense of Lemarie-Rieusset) on some time
interval

> |V. Decay at spatial infinity by e-regularity

v

V. Backward uniqueness



I1. Blowup L3-Profile

M :=sup |[v(:; tills < o0

4

v T)lls < oo



. Scaling

uB(y,5) = Mev(x, 1), p¥(y,s) = Aea(x, 1),
where (y,s) € R3x] — A, 2T,0[, x = Ay, t=T+A2s,

T — t
S

Ak =
and a positive parameter S < 10 will be defined later;

sup [[u®) (-, =S)|z =M <
keN



l11. Decomposition uk) = v(k) 4 (k)

oew®) — A = —vr()  divw®) =0 in R3x] — S, 0],
W(k)('v _5) = u(k)('7 _5)

and

Slip{HW(k)||L5(IR3><]fS,O[ + W, mexi—sot < c(M) < oo



112. Decomposition (¥ = v(k) 4+ w(k) ||

Aev) 1 div(v) + wk) @ (v 4 wk)) — Ak = —gp(k)

divv® =0 in R3x]-S,0]
V(. =8) =0



[13. Pressure

1 1
PO 1) = =3 4 [ Kxy) 0y, 00y, )y
R3



114. Pressure Decomposition

For xo € R3 and for x € B(xg,3/2), we let
Pl (x, 1) = pU)(x, £) = i (t) = pug (x, ) + P (x, 1)
where

1 1
px§k)(x,t):_glu(k)(x,t)!%rﬂ / K(x=y) : u®(y, )@u®(y, t)dy
B(X072)

1
PO = [ (Keon) =Koy s oy, ey, 1y
R3\ B(x0,2)
1
WO =4 [ Keo-n): B0 0 dby.dy

41
R3\ B(x0,2)



115. Local Energy
a(s) = a(sik, S) = [V (-, 9) 13 it

B(s) = B(s; k,S) = sup / / Vv dydr, where
X 3
cR -S B(x,1)

lgllLo umic = sup llgllia(a00,1))-

xpER
More quantities:

S

2(s) = (s k. S) = sup / / WOy, 7) Pdydr

xER3
-5 B(x,1)

5(s) = 6(s; k, S) = sup / / By 1) — )y dr
(

XER3
-5 B(x,3/2)



[16. Pressure estimates

1(k
195 ¢ Dl 80372 < cMIVOC DI 602 +1)

and

2(k
sup |pie(x, )] < c M)V, 03, +1)
B(x0,3/2)



[I7. Energy Estimate and Choice of S

a(s) + B(s) < c(M)|(s + S)s+
- / (a(T)(]‘ + HW(k)('a T)H?&umf) + 063(7')) dT}
-5

Vs € [-S,0[ and ¢(M) is independent of k, s, and S.
There is a positive constant S(M):

als) < 15

and )
a(s) < c(M)(s + 5)s

for any s €] — S(M), 0]



I111. Limiting Procedure

wk) - w

w(x, t) = 1))SRZ exp ( — x—yP )Wo(y)dy

(4n(s+ S 4(s+5)
where wy is the weak L3(R3)-limit of the sequence u(¥)(-, —S);

up sup [w(-.9) )+
—5<s<0 XO€R3 LZ(B(Xo,l))

0
+ sup / / Vw(y, s)dyds < (M) < oo

X0€R3
=5 B(x0,1)

w € C([-S,0]; L3(R3)) N Ls(R3x] — S, 0[)



[112. Limit function u is a local energy solution

) sy p S p

0
sup sup_[u+5) oyt sup, [ [ [Tuly.)Pdyds < o
—5<5<0 xpER3 xg€ER3

—S B(xo,1)

P E L3(=5,0i L3, (R°);

the function
s [ utr.s) win)y
R3

is continuous on [—S, 0] for any compactly supported w € Lr(R3);



I113. Limit function v is a local energy solution

Otu+u-Vu—Au=—-Vp, divu=0
in R3x] — S, 0[ in the sense of distributions;
for any xp € R3, there exists a function ¢, € L%(—S, 0) such that
Px,5) = Cxo(S) = Pig(x, ) + P, (x,5)
for all x € B(x0,3/2), where

1 1
Palxis) = —lulx o)+ o [ KO- ) s uly.s) 0 uly. ).
B(X0,2)

PR =4 [ (Kxey)=KGo—y) s aly.s)euly,s)dy

R3\ B(x0,2)



[114. Limit function u is a local energy solution

for any s €] — S,0[ and for p € C°(R3x] — S, S),

S
/ Py, )| uly, s)Pdy +2 / / 2|V uldydr <

R3 —S RS

S
< / / (\u\2(Ag02 4+ 0¢%) + u- V3 (|u]® + 2p)) dydt
—S RR3



[115. Limit function u is a local energy solution

1
SUp3 ||V('7s)||%2(B(x0,1)) < C(M)(S + 5)5

xpERS

for all s € [-S,0].
I

V(', S) —0 in L2,loc(R3)
ass ) —S.
4
u(-,s) = wp in Loc(R3).

ass| —S.



[V1 Limit function is not trivial

1 k)3 k)3 1 3 k)3

Q/M(H%‘MW$=@MV [ e tla-b¥))ax
( Q(zT,a/\k)

forall 0 < a < a, = inf{1,+/5/10,+/ T/10} and for all A, < 1.

Here, zr = (0, T), p¥) = bék), and b(K)(t) = )\chgk)(s). Since

the pair v and g — b(k) is a suitable weak solution to the
Navier-Stokes equations in Q(z7, Aka.), we find

1 3
2 [ (6P 4 0y s > < 1)

for all 0 < a < a, with a positive universal constant ¢



V2 Limit function is not trivial

1 1
) / |u(k)|3dyds—>? / \u3dy ds

Q(a) Q(a)
for all 0 < a < a4 and

sup— / (Jut3 + |ﬁ{k)] 2)dy ds = My < o0
Q(a*)



V3 Limit function is not trivial

P = pi) 4
with .
1P )13 pa.) < €l 9)1 oy
pgk) is harmonic
1
e< 5 / (1B%)2 + [u®P)dy ds <
a
Q(a)
1
< c? / |u(k)]3dy ds 4+ cM; aa?
Q(a*)
forall 0 < a < a,/2



IV4. Spatial Decay

W0€L3
\

[woll2,8(x,1) = 0

as |xog| = o0

4

There are positive numbers R, T €]as, S[, and ¢, with k =0,1, ...
such that
\Vku(x, )| < ek

for any x € R3\ B(R/2) and for any t €] — T,0[



V1. Backward Uniqueness

v(-, T) € L3(R3) = u(-,0) =0

4
w=VAu=0
at t =0.
(X BackwardUniqueness
w=20

in (R3\ B(R/2))x] — T,0]



V2. Backward Uniqueness

technical part is to show
in R3x] — T,0]

u(-,t) is a bounded harmonic function in R3 with

lu(s )] La(Bxo2)) = O

as |xp| = o0

in R3x] — T,0]



